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ASYMPTOTICS OF TORUS EQUIVARIANT SZEGO˝ KERNEL ON A COMPACT CR
MANIFOLD
WEI-CHUAN SHEN
ABSTRACT. For a compact CR manifold (X, T1,0X) of dimension 2n+ 1, n ≥ 2, admitting a S1 × Td
action, if the lattice point (−p1, · · · ,−pd) ∈ Z
d is a regular value of the associate CR moment map µ,
then we establish the asymptotic expansion of the torus equivariant Szego˝ kernel Π
(0)
m,mp1,··· ,mpd(x, y)
as m → +∞ under certain assumptions of the positivity of Levi form and the torus action on Y :=
µ−1(−p1, · · · ,−pd).
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Let (X, T1,0X) be a Cauchy–Riemann (CR for short) manifold of dimension 2n+ 1, and 
(q)
b be
Kohn Laplacian for (0, q)-forms on X. The orthogonal projection Π(q) : L2(0,q)(X) → ker
(q)
b is
called the Szego˝ projection, and we call its distributional kernel Π(q)(x, y) the Szego˝ kernel. The
study of the Szego˝ kernel is a classical subject in several complex variables and CR geometry. For
example, when X is the boundary of a strongly pseudoconvex domain in Cn, n ≥ 2, which implies
that X is a strongly pseudoconvex CR manifold, Boutet de Monvel and Sjo¨strand [4] proved that
when q = 0, Π(0)(x, y) is a Fourier integral operator with complex valued phase function. This
kind of description of kernel function has profound impact inmany aspects, such as spectral theory
for Toeplitz operator, geometric quantization and Ka¨hler geometry [3, 10, 19, 20, 22, 24].
In some recent progress [8, 16, 17], people start to consider CR manifolds with Lie group action
G. The study of G-equivariant Szego˝ kernels is closely related to the problems of equivariant
CR embedding and geometric quantization on CR manifolds. The goal of this paper is espe-
cially to understand the asymptotic behavior of torus equivariant Szego˝ kernel. Let us briefly
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explain out motivation. Within the manifolds drastically studied on this topic, Sasakian mani-
fold, which is a compact, strongly pseudoconvex and torsion free CR manifold, stands for the
odd-dimensional counter part in Ka¨hler geometry and serves as a significant example. We say
a CR manifold (X, T1,0X) is a quasi-regular Sasakian manifold if it admits a CR and transversal
circle action. If X is quasi-regular, in [12] they showed that dimH0b,m(X) ≈ m
n and the Szego˝
kernel for H0b,m(X) admits a full asymptotic expansion as m → +∞, where H
0
b,m(X) is the space
of m-th Fourier component with respect to the circle action of the global CR functions on X. We
say a CR manifold (X, T1,0X) is an irregular Sasakian manifold if it endows with a CR transver-
sal R-action, which does not come from any circle action. Suppose now X is irregular and T
be the fundamental vector field of the R-action. Take a R-invariant L2-inner product on X and
consider the weak maximal extension of T on L2 functions, then in [11] it was shown that T is
a self-adjoint operator, and the spectrum of T, denoted by Spec(T), is a countable subset in R.
Moreover, all the spectrum of T are eigenvalues. On irregular Sasakian manifolds, it is important
to understand the space H0b,α(X) := {u ∈ C
∞(X) : ∂bu = 0, Tu = iαu}, where ∂b denotes the
tangential Cauchy–Riemann operator on X. Different from the quasi-regular situation, in general
it is very difficult to see which α ∈ Spec(T) makes dimH0b,α(X) > 0. It is revealed in [13] that if
we sum over α between 0 and k then the weigted Szego˝ kernel for the space
⊕
α∈Spec(T)
0≤α≤k
H0b,α(X)
admits an asymptotic expansion in k as k → +∞. Accordingly, there are many α ∈ Spec(T) such
that H0b,α(X) is non-trivial, and it is natural to fix such α and consider the Szego˝ kernel for the
space H0b,mα(X) as m → +∞. This is the motivation of our work. In fact, in [11, Section 3] they
pointed out that for an irregular Sasakian manifold X, the R-action on X comes from a CR torus
action denoted by Td+1, the Reeb vector field T can also be induced by Td+1 and the spectrum
Spec(T) = {µ0p0 + µ1p1 + · · ·+ µdpd : (p0, p1, · · · , pd) ∈ Z
d+1}, where µ0, · · · µd are real numbers
linearly independent over Q. Hence the problem above is equivalent to the study of the Szego˝ ker-
nel for H0b,mp0,mp1,··· ,mpd(X) as m → +∞ for some lattice point (p0, p1, · · · , pd). For simplicity, we
take p0 = 1 in this article. Write Td+1 = S1 × Td. Suppose that the S1-action is CR and transversal
and the Td-action is CR. We prove that if the lattice point (−p1, · · · ,−pd) is a regular value of the
associate CR moment map µ, see (1.1), then there is a full asymptotic expansion of the torus equi-
variant Szego˝ kernel as m → +∞ under certain assumptions of the positivity of Levi form and the
torus action on Y := µ−1(−p1, · · · ,−pd). In particular, for α := µ0 + µ1p1 + · · ·+ µdpd ∈ Spec(T),
the space H0b,mα(X) is non-trivial as m → +∞.
We now briefly introduce some notations and themain results. Let T0 be the induced vector field
of the S1-action, and T1, · · · , Td be the ones for T
d-action. In other words, T0u(x) :=
∂
∂θ
∣∣∣
θ=0
u(eiθ ◦
x) and Tju(x) :=
∂
∂θj
∣∣∣
θj=0
u
(
(1, · · · , eiθj , · · · , 1) ◦ x
)
, for j = 1, · · · , d and u ∈ C ∞(X). We define T0
and Tj act on (0, q)-forms via Lie derivatives LT0 and LTj , j = 1, · · · , d, respectively. Choose T0 to
be the Reeb vector field on X, see (2.1), and ω0 to be its dual one form, see (2.2). Fix a lattice point
(p1, · · · , pd) ∈ Z
d and any m ∈ N := {1, 2, 3, · · · }, we consider the space of equivariant smooth
(0, q)-forms
Ω
(0,q)
m,mp1,··· ,mpd(X) := {u ∈ Ω
(0,q)(X) : −iT0u = mu,−iTju = mpju, j = 1, · · · , d}.
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Since the group action is assumed to be CR, we can take the ∂b-subcomplex
(
∂b,Ω
(0,•)
m,mp1,··· ,mpd(X)
)
and define the corresponding Kohn–Rossi cohomology H
q
b,m,mp1,··· ,mpd
(X). Here ∂b we mean the
tangential Cauchy–Riemann operator onXwith respect to T0, see (2.3). Let 〈·|·〉 be a torus invariant
Hermitianmetric on CTX and let (·|·) be the torus invariant L2-inner product on Ω(0,q)(X) induced
by 〈·|·〉. Let L2(0,q),m,mp1,··· ,mpd(X) be the completion of Ω
(0,q)
m,mp1,··· ,mpd(X) with respect to the given
torus invariant L2-inner product (·|·) and take the Gaffney extension of Kohn Laplacian 
(q)
b to the
L2-space, see (2.8), then we have the Hodge theorem such that
H
q
b,m,mp1,··· ,mpd
(X) ∼= H
q
b,m,mp1,··· ,mpd
(X) := L2(0,q),m,mp1,··· ,mpd(X) ∩ ker
(q)
b ⊂ Ω
(0,q)
m,mp1,··· ,mpd(X),
and that H
q
b,m,mp1,··· ,mpd
(X) is finite dimensional for each q = 0, · · · , n, though the Kohn Lapla-
cian 
(q)
b is not elliptic, and in general it may not be hypoelliptic, neither. We use the notation
Π
(q)
m,mp1,··· ,mpd(x, y) for the torus equivariant Szego˝ kernel, which is the distribution kernel of the
orthogonal projection Π
(q)
m,mp1,··· ,mpd : L
2
(0,q)(X) → H
q
b,m,mp1,··· ,mpd
(X) with respect to (·|·).
Because the group action here is CR, we can check that the one form ω0 is torus invariant. We
hence consider the torus invariant CR moment map
(1.1) µ : X → Rd, µ(x) :=
(
〈ω0(x), T1(x)〉, · · · , 〈ω0(x), Td(x)〉
)
,
where we identify (TeTd)∗ ∼= (Rd)∗ ∼= Rd. In this work, we need
Assumption 1.1. The given lattice point (−p1, · · · ,−pd) ∈ Z
d is a regular value of µ.
Assumption 1.2. The torus action S1 × Td is free near Y.
Assumption 1.3. The induced Levi form L is positive near the set Y := µ−1(−p1, · · · ,−pd)
The main result in this work is as follows:
Theorem 1.1. Let (X, T1,0X) be a compact connected CR manifold with 2n + 1, n ≥ 2, admitting a
S1 × Td action, where the S1-part is CR and transversal and the Td-part is only required to be CR. For the
lattice point (p1, · · · , pd) ∈ Z
d and Td-invariant CR moment map µ satisfying Assumptions 1.1, 1.2 and
1.3, then we have the following full asymptotic expansion for the torus equivariant Szego˝ kernel: On one
hand, let Ω be an open set containing Y, then
Π
(q)
m,mp1,··· ,mpd(x, y) = O(m
−∞)
on (X \Ω)× (X \Ω) if q ∈ {0, · · · , n}. On the other hand, for each p ∈ Y, we can find a neighborhood
denoted by Dp, such that
Π
(q)
m,mp1,··· ,mpd(x, y) = O(m
−∞)
on Dp × Dp if q ∈ {1, · · · , n}. Finally, on Dp × Dp,
Π
(0)
m,mp1,··· ,mpd(x, y) ≡ e
im f (x,y)b(x, y,m) mod O(m−∞).
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Here, the phase function f ∈ C ∞(Dp × Dp) satisfies Im f ≥ 0, f (x, x) = 0 for all x ∈ Y ∩ Dp and
dx f (x, x) = −ω0(x), dy f (x, x) = ω0(x) for all x ∈ Y ∩ Dp; also, the symbol satisfies
b(x, y,m) ∈ S
n− d2
loc (1;Dp × Dp)
b(x, y,m) ∼
∞
∑
j=0
mn−
d
2−jbj(x, y) in S
n− d2
loc (1;Dp × Dp)
where bj(x, y) ∈ C
∞(Dp × Dp), j = 0, 1, 2, · · · and b0(x, x) > 0 for all x ∈ Y ∩ Dp.
Here, for continuous functions f and g on an open setW ⊂ RN , we use the notation f ≈ g on
W if there is a constant C > 0 such that 1C g ≤ f ≤ Cg on W; we refer the semi-classical notations
such as O(m−∞), A = B+O(m−∞), Skloc(1;Dp× Dp), and asymptotic sums∼ in S
k
loc to Section 2.3.
Note that Theorem 1.1 holds on a class of manifolds slightly more general than Sasakian mani-
folds, for we only assume the Levi form is positive near the submanifoldY instead of being positive
on the whole X. Also, from Theorem 1.1, we can conclude:
Corollary 1.1. Let (X, T1,0X) be an irregular Sasakian manifold and T be the fundamental vector field
induced by the prescribed R-action on X. It is known that R-action comes from a S1 × Td-action. Assume
T = µ0T0 + µ1T1 + · · · + µdTd, where T0 is the vector field induced by S
1-action and T1, · · · , Td are the
vector fields induced by Td-action and µ0, µ1, · · · , µd are real numbers linearly independent over Q. If
the lattice point (p1, · · · , pd) ∈ Z
d satisfies Assumptions 1.1,1.2, for α := µ0 + µ1p1 + · · · + µdpd ∈
Spec(T), H0b,mα(X) is non-trivial as m → ∞. Here, H
0
b,mα(X) := {u ∈ C
∞(X) : ∂bu = 0, Tu = imαu}.
We now illustrate the strategy for the proof of the theorem. Since X is NOT assumed to be
strongly pseudoconvex in this paper, to establish the asymptotics of torus equivariant Szego˝ ker-
nel, we do not study Szego˝ projector Π
(q)
m,mp1,··· ,mpd directly; instead. we need to consider a number
λ > 0 and examine the Szego˝ projector for lower energy forms Π
(q)
≤λ,m,mp1,··· ,mpd
, which is the or-
thogonal projection from L2(0,q)(X) to L
2
(0,q),m,mp1,··· ,mpd
(X) ∩ E((−∞,λ]). Here, E((−∞,λ]) is the
spectral projector and E is the spectral measure for the self-adjoint operator 
(q)
b under Gaffney
extension 2.8, respectively. We need to establish the content in Theorem 1.1 in the following ver-
sion:
Theorem 1.2 (=Theorem 3.1+3.2). With the same notations and assumptions used in Theorem 1.1 and
any fixed λ > 0, on one hand, for any open set Ω containing Y,
Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞)
on (X \Ω)× (X \Ω) if q ∈ {0, · · · , n}. On the other hand, for each p ∈ Y, we can find a neighborhood
denoted by Dp, such that
Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞)
on Dp × Dp if q ∈ {1, · · · , n}. Finally, on Dp × Dp,
Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) ≡ eim f (x,y)b(x, y,m) mod O(m−∞)
for the same phase function f (x, y) ∈ C ∞(Dp × Dp) and symbol b(x, y,m) ∈ S
n− d2
loc (1;Dp × Dp) in
Theorem 1.1.
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We will see in the beginning of the Section 3 that combining the spectral property for Kohn
Laplacian and Theorem 1.2 for the case q = 1, there is:
Theorem 1.3 (=Theorem 3.3). With the same notations and assumptions used in Theorem 1.1, then for
any λ > 0, as m → +∞,
Π
(0)
≤λ,m,mp1,··· ,mpd
= Π
(0)
m,mp1,··· ,mpd .
Thus, from Theorem 1.3, Theorem 1.2 actually implies Theorem 1.1.
2. SET UP AND NOTATION
In this section, we recall some basic language in CR geometry, definition and properties of torus
equivariant Szego˝ kernel, and tools in semi-classical analysis and microlocal analysis.
2.1. Cauchy–Riemann manifold and Kohn Laplacian. We follow the presentation in [2, Cahpter
4] and [15, Cahpter 2]. Let X be a smooth orientable manifold of real dimension 2n+ 1, n ≥ 1, we
say X is a Cauchy–Riemann manifold (CRmanifold for short) if there is a subbundle T1,0X ⊂ CTX,
such that
(1) dimC T
1,0
p X = n for any p ∈ X.
(2) T1,0p X ∩ T
0,1
p X = {0} for any p ∈ X, where T
0,1
p X := T
1,0
p X.
(3) For V1,V2 ∈ C
∞(X, T1,0X), then [V1,V2] ∈ C
∞(X, T1,0X), where [·, ·] stands for the Lie
bracket between vector fields.
For such subbundle T1,0X, we call it a CR structure of the CR manifold X. Fix a Hermitian metric
〈·|·〉 on CTX such that T1,0X ⊥ T0,1X. For dimension reason and the assumption that X is ori-
entable, we can always take a non-vanishing real global vector field T (Reeb vector field) such that
for all x ∈ X, we have the orthogonal decomposition
(2.1) T1,0x X ⊕ T
0,1
x X ⊕CT(x) = CTxX
and 〈T|T〉 = 1 on X. Denote 〈·, ·〉 to be the paring by duality between vector fields and differential
forms, and let Γ : CTxX → CT∗xX be the anti-linear map given by 〈u|v〉 = 〈u, Γv〉 for u, v ∈ CTxX,
thenwe can take the induced Hermitian metric on CT∗X by 〈u|v〉 := 〈Γ−1v|Γ−1u〉 for u, v ∈ CT∗xX.
Put
T∗1,0X := Γ(T1,0X) = (T0,1X ⊕ CT)
⊥
⊂ CT∗X, T∗0,1X := T∗1,0X
and
(2.2) ω0 := −Γ(T),
which is a globally defined non-vanishing 1-form satisfying
T∗1,0x X ⊕ T
∗0,1
x X ⊕ Cω0(x) = CT
∗
xX, 〈ω0, T
1,0X ⊕ T0,1X〉 = 0 and 〈ω0, T〉 = −1.
We define the Levi form, which is a globally defined (1, 1)-form, by
Lx(u, v) :=
1
2i
〈
ω0(x),
[
u˚, v˚
]
(x)
〉
,
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where u˚, v˚ ∈ C ∞(X, T1,0X) such that u˚(x) = u ∈ T1,0x X and v˚(x) = v ∈ T
1,0
x X. Note that by
Cartan’s formula we can also express the Levi form by
Lx(u, v) =
−1
2i
〈dω0(x), u ∧ v〉 , u, v ∈ T
1,0
x X.
In other words,
Lx :=
−1
2i
dω0(x)
∣∣∣∣
T1,0x X
.
Take the Hermitian metric on ΛrCT∗X by
〈u1 ∧ · · · ∧ ur|v1 ∧ · · · vr〉 = det
((
〈uj|uk〉
)r
j,k=1
)
, where uj, vk ∈ CT
∗X , j, k = 1, · · · , r,
and the orthogonal projection
π(0,q) : ΛqCT∗X → T∗0,qX := Λq(T∗0,1X)
with respect to this Hermitian metric. The tangential Cauchy–Riemann operator is defined to be
(2.3) ∂b := π
(0,q+1) ◦ d : C ∞(X, T∗0,qX) → C ∞(X, T∗0,q+1X).
By Cartan’s formula, we can check that
∂
2
b = 0.
Take the L2-inner product (·|·) on C ∞(X, T∗0,qX) induced by 〈·|·〉 via
( f |g) :=
∫
X
〈 f |g〉dVX , f , g ∈ C
∞(X, T∗0,qX),
where dVX is the volume form with expression
dVX(x) =
√√√√det(〈 ∂
∂xj
∣∣∣∣ ∂∂xk
〉)n
j,k=1
dx1 ∧ · · · ∧ dx2n+1
in local coordinates (x1, · · · , x2n+1), and we write ∂
∗
b to denote the formal adjoint of ∂b with respect
to the L2-inner product (·|·). Denote Ω(0,q)(X) := C ∞(X, T∗0,qX), then the Kohn Laplacian is the
operator

(q)
b := ∂
∗
b∂b + ∂b∂
∗
b : Ω
(0,q)(X) → Ω(0,q)(X).
We have the following Bochner–Kodaira–Kohn formula for 
(q)
b , see [15, Proposition 2.3]:
Theorem 2.1. Let p ∈ X, {ej(x)}
n
j=1 be an orthonormal frame of T
∗0,1
x X varying smoothly with x in a
neighborhood of p, and {Lj(x)}
n
j=1 be the dual frame of T
0,1
x X. Then we have

(q)
b =
n
∑
j=1
L∗j Lj +
n
∑
j,k=1
(ej ∧ e
∧,∗
k )[Lj, L
∗
k ] + ǫ(L) + ǫ(L) + zero order terms.
Here, ǫ(L) := ∑nj=1 ajLj, ǫ(L) := ∑
n
j=1 bjLj with smooth coefficeints aj and bj for j, k = 1, · · · , n. Also,
for each j, k = 1, · · · , n, L∗j is the formal adjoint of the differential operator Lj, and e
∧,∗
k is the adjoint of ek∧
given by 〈ek ∧ u|v〉 = 〈u|e
∧,∗
k v〉 for u ∈ T
∗0,qX and v ∈ T∗0,q+1X.
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2.2. Torus equivariant Szego˝ kernel. From now on, we assume that X admits a torus action in
the form of S1 × Td. Consider the vector fields
T0u(x) :=
∂
∂θ
∣∣∣∣
θ=0
u(eiθ ◦ x)
and
Tju(x) :=
∂
∂θj
∣∣∣∣
θj=0
u
(
(1, · · · , eiθj , · · · , 1) ◦ x
)
,
where u ∈ C ∞(X), x ∈ X, j = 1, · · · , d. Note that T0 and T1, · · · Td are the induced vector fields of
the circle action and torus action, respectively. We also assume that the circle action here is CR and
transversal, i.e. T0 satisfies
(2.4)
[
T0,C
∞(X, T1,0X)
]
⊂ C ∞(X, T1,0X)
and
(2.5) CT0(x)⊕ T
1,0
x X ⊕ T
0,1
x X = CTxX for all x ∈ X;
the torus action here is also assumed to be CR, i.e. for all j = 1, · · · , d, Tj has the property
(2.6)
[
Tj,C
∞(X, T1,0X)
]
⊂ C ∞(X, T1,0X).
We choose T0 to be our Reeb vector field of X, i.e. T := T0. Accordingly, the cooresponding dual
one form ω0 is torus invariant, because (eiθ1 , · · · , eiθd ) ◦ eiθ = eiθ ◦ (eiθ1 , · · · , eiθd). Benefit from the
CR and transversal circle action, we have the BRT coordinates patch from Baouendi–Rothschild–
Tre`ves [1, Proposition I.1]:
Theorem 2.2. Assume X is a CR manifold admitting a CR and transversal circle action. Fix a point
p ∈ X, then there exists ǫ > 0, δ > 0 and an open neighborhood D := {(z, θ) : |z| < ǫ, |θ| < δ} and
local coordinates (x1, x2, · · · , x2n−1, x2n, x2n+1) = (z1, · · · , zn, θ) near p, where zj := x2j−1 + ix2j, j =
1, · · · , n, θ := x2n+1, such that (z(p), θ(p)) = (0, 0) and the fundamental vector field induced by circle
action is T0 =
∂
∂θ . Also, we can find a real valued function φ(z) = ∑
n
j=1 λj|zj|
2 +O(|z|3) ∈ C ∞(D,R),
where {λj}
n
j=1 are eigenvalues of the Levi form of X at p, such that
{
Zj :=
∂
∂zj
+ i ∂φ(z)∂zj
∂
∂θ
}n
j=1
forms a basis
of T1,0x X for all x ∈ D. Moreover, we can take δ = π when the action at the point p is free.
By (2.4) and (2.6), we can check that ∂bTj = Tj∂b for all j = 0, 1, · · · , d. For any given lattice point
(p1, · · · , pd) ∈ Z
d, we put
Ω
(0,q)
m,mp1,··· ,mpd(X) := {u ∈ Ω
(0,q)(X) : −iT0u = mu,−iTju = mpju, j = 1, · · · , d}.
For ∂b : Ω
(0,q)
m,mp1,··· ,mpd(X) → Ω
(0,q+1)
m,mp1,··· ,mpd(X), we can take the ∂b-subcomplex
(
∂b,Ω
(0,q)
m,mp1,··· ,mpd(X)
)
and the corresponding Kohn–Rossi cohomology
H
q
b,m,mp1,··· ,mpd
(X) :=
ker ∂b : Ω
(0,q)
m,mp1,··· ,mpd(X) → Ω
(0,q+1)
m,mp1,··· ,mpd(X)
Im∂b : Ω
(0,q−1)
m,mp1,··· ,mpd(X) → Ω
(0,q)
m,mp1,··· ,mpd(X)
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From now on, we pick a S1 × Td-invariant Hermitian metric 〈·|·〉 on CTX. Take the restriction
∂b,m,mp1,··· ,mpd := ∂b |Ω(0,q)m,mp1,··· ,mpd (X)
, then we can check that the formal adjoint of ∂b,m,mp1,··· ,mpd satis-
fies
∂
∗
b,m,mp1,··· ,mpd
= ∂
∗
b |Ω(0,q+1)m,mp1,··· ,mpd (X)
: Ω
(0,q+1)
m,mp1,··· ,mpd(X) → Ω
(0,q)
m,mp1,··· ,mpd(X).
So we can consider the Fourier component of Kohn Laplacian by

(q)
b,m,mp1,··· ,mpd
:= 
(q)
b
∣∣∣
Ω
(0,q)
m,mp1,··· ,mpd
(X)
: Ω
(0,q)
m,mp1,··· ,mpd(X) → Ω
(0,q)
m,mp1,··· ,mpd(X).
We pause here for a while to handle some issue on extending Kohn Laplacian to L2-space as
a self-adjoint operator. Let L2(0,q)(X) to be the completion of Ω
(0,q)(X) with respect to the torus
invariant L2-inner product (·|·) induced by 〈·|·〉. Denote ‖u‖2X := (u|u). Define the weak maximal
extension of 
(q)
b by
Dom(
(q)
b,max) := {u ∈ L
2
(0,q)(X) : 
(q)
b u ∈ L
2
(0,q)(X) in the distribution sense},

(q)
b,maxu = 
(q)
b u in distribution sense, for all u ∈ Dom(
(q)
b,max)
(2.7)
as in [22, Section 3.1]. For such extension, 
(q)
b may not be a self-adjoint operator, because it is
non-elliptic, and it could also be non-hypoelliptic. So in general we have to consider the Gaffney
extension as in [22, Proposition 3.1.2], and this extension can make
(q)
b to be self-adoint. Precisely,
take the maximal extension ∂b := ∂b,max and the Hilbert adjoint of ∂b on the L
2-space by
∂
∗
b,H : Dom(∂
∗
b,H) ⊂ L
2
(0,q+1)(X) → L
2
(0,q)(X),
where the domain is given by
Dom(∂
∗
b,H) := {v ∈ L
2
(0,q)(X) : for all u ∈ Dom(∂b), the operator u 7→ (∂bu|v) is bounded linear}.
By Riesz representation theorem, for all v ∈ Dom(∂
∗
b,H), there is aw ∈ L
2
(0,q)(X) such that (∂bu|v) =
(u|w) for all u ∈ Dom(∂b), and ∂
∗
b,Hv := w. Then the Gaffney extension is given by
Dom(
(q)
b ) := {u ∈ Dom(∂b) ∩Dom(∂
∗
b,H) : ∂bu ∈ Dom∂
∗
b,H, ∂
∗
b,Hu ∈ Dom∂b},

(q)
b u = (∂
∗
b,H∂b + ∂b∂
∗
b,H)u, for all u ∈ Dom(
(q)
b ).
(2.8)
Let Ω
(0,q)
m (X) := {u ∈ Ω
(0,q)(X) : −iT0u = mu} and L2(0,q),m(X) be the completion of Ω
(0,q)
m (X)
with respect to (·|·). We need the following:
Proposition 2.1. The Gaffney extension and the weak maximal extension for
(q)
b coincides on L
2
(0,q),m(X),
and hence on L2(0,q),m,mp1,··· ,mpd
(X).
Proof. On one hand, by ∂
∗
b,H|Ω(0,q)(X) = ∂
∗
b , for all v ∈ Ω
(0,q)(X),
(
(q)
b u|v) = (u|
(q)
b v) = (u|
(q)
b,maxv) =: (
(q)
b,maxu|v), for all u ∈ Dom(
(q)
b ),
so 
(q)
b,maxu = 
(q)
b u ∈ L
2
(0,q)(X) for u ∈ Dom(
(q)
b ). This implies that Dom(
(q)
b ) ⊂ Dom(
(q)
b,max).
On the other hand, though Theorem 2.1 suggests that 
(q)
b is not an elliptic operator (since the
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principal symbol σ

(q)
b
(x,λω0(x)) = 0, for all λ ∈ R \ {0}), the operator 
(q)
b − T
2
0 is elliptic. After
applying the elliptic regularity for 
(q)
b − T
2
0 on the space L
2
(0,q),m(X), we can check that
Dom(
(q)
b,max) ∩ L
2
(0,q),m(X) = H
2
(0,q),m(X).
Here, we let Hs(0,q)(X) to be the Sobolev space of order s for (0, q) forms on X with respect to a
Sobolev norm ‖ · ‖s induced by the invariant L2-inner product (·|·), and Hs(0,q),m(X) := H
s
(0,q)(X) ∩
L2(0,q),m(X). Accordingly, Dom(
(q)
b,max) ∩ L
2
(0,q),m(X) = H
2
(0,q),m(X) ⊂ Dom(∂b); also, by Friedrichs
lemma [22, Lemma 3.1.3], for v ∈ H2(0,q),m(X), we can find a sequence {vj}
∞
j=1 ⊂ Ω
(0,q)(X) such
that vj → v in L
2
(0,q)(X) and ∂
∗
bvj → ∂
∗
bv in L
2
(0,q−1)(X) as j → ∞. So for all u ∈ Dom(∂b), there is a
constant C1 := ‖∂
∗
bv‖X < ∞ such that
|(∂bu|v)| = lim
j→∞
|(∂bu|vj)| = lim
j→∞
|(u|∂
∗
bvj)| ≤ lim
j→∞
‖u‖X‖∂
∗
bvj‖X = ‖∂
∗
bv‖X‖u‖X ≤ C1‖u‖X .
Thus,
Dom(
(q)
b,max) ∩ L
2
(0,q),m(X) = H
2
(0,q),m(X) ⊂ Dom(∂b) ∩Dom(∂
∗
b,H).
Next, we check that if v ∈ Dom(
(q)
b,max) ∩ L
2
(0,q),m(X) = H
2
(0,q),m(X), then there is a constant C2 > 0
such that
|(∂bu|∂bv)| ≤ C2‖u‖X for all u ∈ Dom(∂b).
If this is true, then ∂b : Dom(
(q)
b,max) → Dom(∂
∗
b,H). Now, let w := ∂bv ∈ H
1
(0,q+1),m(X), by
Friedrichs lemma again, we can take a sequence {wj}
∞
j=1 ⊂ Ω
(0,q+1)(X) such that wj → w in
L2(0,q)(X) and ∂
∗
bwj → ∂
∗
bw in L
2
(0,q−1)(X). Then for a constant C2 := ‖∂
∗
bw‖X < ∞,
|(∂bu|∂bv)| = lim
j→∞
|(∂bu|wj)| = lim
j→∞
|(u|∂
∗
bwj)| ≤ lim
j→∞
‖u‖X‖∂
∗
bwj‖X = ‖∂
∗
bw‖X‖u‖X ≤ C2‖u‖X .
Similarly, we have ∂
∗
b,H : Dom(
(q)
b,max) → Dom(∂b), so we can conclude
Dom(
(q)
b,max) ∩ L
2
(0,q),m(X) ⊂ Dom(
(q)
b ) ∩ L
2
(0,q),m(X).

With the proposition, from now on, we take the extension

(q)
b,m,mp1,··· ,mpd
: Dom(
(q)
b,m,mp1,··· ,mpd
) ⊂ L2(0,q),m,mp1,··· ,mpd(X) → L
2
(0,q),m,mp1,··· ,mpd
(X)
where
Dom
(

(q)
b,m,mp1,··· ,mpd
)
:=
{
u ∈ L2(0,q)(X) : 
(q)
b u ∈ L
2
(0,q)(X)
}
∩ L2(0,q),m,mp1,··· ,mpd(X)
and 
(q)
b,m,mp1,··· ,mpd
u := 
(q)
b u in the distribution sense for all u ∈ Dom
(

(q)
b,m,mp1,··· ,mpd
)
, to extend

(q)
b,m,mp1,··· ,mpd
. We have some standard spectral properties for 
(q)
b,m,mp1,··· ,mpd
:
Theorem 2.3. For 
(q)
b,m,mp1,··· ,mpd
: Dom
(

(q)
b,m,mp1,··· ,mpd
)
→ L2(0,q)m,mp1,··· ,mpd(X), we have
(1) 
(q)
b,m,mp1,··· ,mpd
is a non-negative and a self-adjoint operator.
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(2) The spectrum Spec(
(q)
b,m,mp1,··· ,mpd
) consists only of eigenvalues, and it is a countable and discrete
subset in [0,∞).
(3) For each µ ∈ Spec(
q
b,m,mp1,··· ,mpd
), the space of eigenforms
H
q
b,µ,m,mp1,··· ,mpd
(X) := {u ∈ Dom(
(q)
b,m,mp1,··· ,mpd
) : 
(q)
b u = µu}
is a finite dimensional subspace of Ω
(0,q)
m,mp1,··· ,mpd(X).
(4) H
q
b,m,mp1,··· ,mpd
(X) ∼= H
q
b,m,mp1,··· ,mpd
(X) := H
q
b,µ=0,m,mp1,··· ,mpd
(X).
Proof. The argument is almost the same as the case [5, Section 3] when only circle action is involved,
and for the modification to torus action we refer to the proof in [11, Section 4]. 
Let nq := dimH
q
b,m,mp1,··· ,mpd
< ∞, and the torus equivariant Szego˝ kernel function
(2.9) TrΠ
(q)
m,mp1,··· ,mpd(x) :=
nq
∑
j=1
| f
q
j (x)|
2
h :=
nq
∑
j=1
〈
f
q
j (x)
∣∣∣ f qj (x)〉
where { f
q
j }
nq
j=1 is an orthonormal basis for H
q
b,m,mp1,··· ,mpd
. For an open set D ⊂ X, take {ej(x)}
n
j=1
varying smoothly for x ∈ D such that {ej(x)}
n
j=1 is an orthonormal basis for T
0,1
x X at every x ∈ D.
For a strictly increasing index set J = {j1, · · · , jq} with |J| = q, write e
J := ej1 ∧ · · · ∧ ejq and for
any u ∈ Ω(0,q)(X), write u(x) = ∑′|J|=q uJ(x)e
J(x), where Σ′|J|=q we mean the summation only over
a strictly increasing index set. Then we can find the torus equivariant Szego˝ kernel function is the
peak function similar in [18, Lemma 2.1], i.e.
TrΠ
(q)
m,mp1,··· ,mpd(x) = ∑
|J|=q
′
sup
{
|uJ(x)|
2
h : u ∈ H
q
b,m,mp1,··· ,mpd
(X), ‖u‖2X = 1
}
.
Also, for all q = 0, · · · , n, the torus equivariant Szego˝ kernel
Π
(q)
m,mp1,··· ,mpd(x, y) ∈ C
∞
(
X × X, Hom(T∗0,qX, T∗0,qX)
)
is the distribution kernel of the orthogonal projection
Π
(q)
m,mp1,··· ,mpd : L
2
(0,q)(X) → H
(q)
m,mp1,··· ,mpd(X)
with respect to (·|·). By Theorem 2.3, the projection is a smoothing operator, and we can check that
locally on D, we have the expression
(2.10) Π
(q)
m,mp1,··· ,mpd(x, y) = ∑
|I|=q
′
∑
|J|=q
′
Π
(q)
m,mp1,··· ,mpd,I,J
(x, y)eI(x)⊗
(
eJ(y)
)∗
in the sense that
(2.11) Π
(q)
m,mp1,··· ,mpdu(x) = ∑
|I|=q
′
∑
|J|=q
′
(∫
D
Π
(q)
m,mp1,··· ,mpd,I,J
(x, y)uJ(y)dVX(y)
)
eI(x)
for u = ∑′|J|=q uJe
J ∈ Ω(0,q)(X). We can check that for all strictly increasing index set I, J, |I| =
|J| = q,
(2.12) ∑
|J|=q
′
〈
Π
(q)
m,mp1,··· ,mpd(x, x)e
J(x)|eJ(x)
〉
= TrΠ
(q)
m,mp1,··· ,mpd(x),
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Here, Π
(q)
m,mp1,··· ,mpd,I,J
(x, y) ∈ C ∞(D× D) for all strictly increasing index set I and J, |I| = |J| = q.
Moreover, we can also check that for all strictly invrasing index set I and J, |I| = |J| = q,
(2.13) Π
(q)
m,mp1,··· ,mpd,I,J
(x, y) =
nq
∑
j=1
f
q
j,I(x) f
q
j,J(y),
where f
q
j = ∑
′
|K|=q f
q
j,Ke
K, j = 1, · · · , nq, is an orthonormal basis forH
q
b,m,mp1,··· ,mpd
(X).
2.3. Notations in semi-classical analysis and microlocal analysis. We here present some con-
vention in semi-classical analysis and microlocal analysis [7, 9, 23] to describe and calculate the
asymptotic behavior of the torus equivariant Szego˝ kernel. Let U be an open set in Rn1 and let V
be an open set in Rn2 . Let E and F be vector bundles overU and V, respectively. Let C ∞0 (V, F) and
C ∞(U, E) be the space of smooth sections of F over V with compact support in V and the space
of smooth sections of E over U, respectively; D ′(U, E) and E ′(V, F) be the space of distributional
sections of E over U and the space of distributional sections of F over V with compact support in
V, respectively. We say an m-dependent continuous linear operator
Am : C
∞
0 (V, F) → D
′(U, E)
is m-negligible if
(1) for all m large enough Am is a smoothing operator, which is equivalent to ([14, Section 5.2])
Am : E
′(V, F) → C ∞(U, E) is continuous
or its Schwartz kernel Am(x, y) is smooth, i.e.
Am(x, y) ∈ C
∞(U ×V, E⊠ F∗),
where E⊠ F∗ is the vector bundle overU×V with fiberHom(Fy, Ex) at each (x, y) ∈ U×V.
(2) for any compact set K inU×V, multi-index α, β ∈ NN0 and N ∈ N0, where N0 := N∪ {0}
and N := {1, 2, 3, · · · }, there exists a constant CK,α,β,N > 0 such that
|∂αx∂
β
yAm(x, y)| ≤ CK,α,β,Nm
−N for all (x, y) ∈ K, m large enough.
From now on, we also use the notation Am(x, y) = O(m−∞) or Am = O(m−∞) on U × V for
an m-negligible continuous linear operator Am. Moreover, for two continuous linear operators
Am, Bm : C
∞
0 (V, F) → D
′(U, E), we write
Am(x, y) ≡ Bm(x, y) mod O(m
−∞) on U ×V
or
Am ≡ Bm mod O(m
−∞) on U ×V
if
(Am − Bm)(x, y) = O(m
−∞) on U ×V.
LetW be an open set in RN, we define the space
S(1;W) := {a ∈ C ∞(W) : sup
x∈W
|∂αxa(x)| < ∞ for all α ∈ N
N
0 }.
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Consider the space S0loc(1;W) containing all smooth functions a(x,m) with real parameter m such
that for all multi-index α ∈ NN0 , any cut-off function χ ∈ C
∞
0 (W), we have
sup
m∈R
m≥1
sup
x∈W
|∂αx(χ(x)a(x,m))| < ∞.
For general k ∈ R, we can also consider
Skloc(1;W) := {a(x,m) : m
−ka(x,m) ∈ S0loc(1;W)}.
In other words, Skloc(1;W) takes all the smooth function a(x,m) with parameter m ∈ R satisfying
the estimate: for all x ∈ W, multi-index α ∈ Nn0 and χ ∈ C
∞
0 (W)with supp(χ) ⊂ K, K is a compact
subset ofW, then there is a constant CK,α > 0 independent of m such that
|∂αx(χ(x)a(x,m))| ≤ CK,αm
k, for all m > 0.
For a sequence of aj ∈ S
k j
loc(1;W) with kj decreasing, kj → −∞, and a ∈ S
k0
loc(1;W). We say
a(x,m) ∼
∞
∑
j=0
aj(x,m) in S
k0
loc(1;W)
if for all l ∈ N0, we have
a−
l
∑
j=0
aj ∈ S
l
loc(1;W).
In fact, for all sequence aj above, there always exists an element a as the asymptotic sum, which
is unique up to the elements in S−∞loc (1;W) := ∩kS
k
loc(1;W). The above discussion can be found
in [7], and all the notations introduced above and can be generalized to the case on paracompact
manifolds.
Let M be an open set in Rn, R˙n := Rn \ {0}, N := {1, 2, 3 · · · } and N0 := N ∪ {0}. Let ρ, δ be
real numbers such that 0 ≤ δ < ρ ≤ 1.
Definition 2.1.
(1) The symbol space with order m in type (ρ, δ) on M × RN is denoted by Smρ,δ(M × R
N),
which is the space of all a ∈ C ∞(M ×RN) satisfying: for all compact subset K in M, and
all multi-indices α ∈ Nn0 , β ∈ N
N
0 , there exists a constant CK,α,β > 0 such that
sup
(x,θ)∈K×RN
|∂αx∂
β
θ a(x, θ)| ≤ CK,α,β(1+ |θ|)
m−ρ|β|+δ|α|.
(2) A function φ(x, θ) ∈ C ∞(M × R˙N) is called a phase function if it satisfies: Im(φ) ≥ 0,
φ(x,λθ) = λφ(x, θ) for all λ > 0 and every (x, θ) ∈ M × R˙N, and dφ :=
n
∑
i=1
∂φ
∂xi
dxi +
N
∑
j=1
∂φ
∂θj
dθj 6= 0 everywhere.
Let aj ∈ S
m j
ρ,δ(M × R
N), j ∈ N0 and mj ց −∞ as j → ∞, then there exists a ∈ S
m0
ρ,δ unique
modulo S−∞(M×RN) such that
a− ∑
0≤j≤k
aj ∈ S
mk
ρ,δ for all k ∈ N0.
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We call such a the asymptotic sum of aj, denoted by a ∼
∞
∑
j=0
aj. The space of classical symbols
Smcl(M×R
N) collects all a(x, θ) ∈ Sm1,0(M×R
N) such that a ∼ ∑∞j=0 am−j(x, θ), where the function
am−j ∈ C
∞(M × RN) is positively homogeneous of degree m − j in the variable θ 6= 0. Let the
symbol a ∈ Smcl(M × R
N) and φ be a phase function on X × R˙N . If there is k ∈ N0 such that
m+ k < −N, then the oscillatory integral
I(a, φ) :=
∫
RN
eiφ(x,θ)a(x, θ)dθ
converges absolutely, and is a function in C k(M) . Moreover,
Proposition 2.2. For any m and a ∈ Smcl(M ×R
N), there is a unique way of defining I(a, φ) ∈ D ′(M)
such that
(1) I(a, φ) =
∫
RN
eiφ(x,θ)a(x, θ)dθ when m < −N.
(2) The map a 7→ I(a, φ) is continuous.
For open sets U ⊂ Rn1 , V ⊂ Rn2 , by the Schwartz kernel theorem [14, Theorem 5.2.1], there
exists a bijection between KA ∈ D
′(U ×V) and a continuous linear map A : C ∞0 (V) → D
′(U) by
the correspondence
〈Au, v〉U = 〈KA, v⊗ u〉U×V
for all u ∈ C ∞0 (V), v ∈ C
∞
0 (U), where 〈·, ·〉 means the pairing by duality and the tensor product
v ⊗ u is defined (v ⊗ u)(x, y) := v(x)u(y) ∈ C ∞0 (U × V). We call KA the distribution kernel of
A. Let φ be a phase function on (U ×V)× R˙N, and a ∈ Smcl
(
(U×V)×RN
)
. A continuous linear
operator A : C ∞0 (V) → D
′(U) is called a Fourier integral operator if its distribution kernel is an
oscillatory integral of the form
KA(x, y) =
∫
eiφ(x,y,θ)a(x, y, θ)dθ.
We formally write
Au(x) =
∫∫
eiφ(x,y,θ)a(x, y, θ)u(y)dydθ, for all u ∈ C ∞0 (V).
In particular, whenU = V and φ(x, y, θ) = 〈x− y, θ〉, A is said to be a pseudodifferential operator.
We say a Fourier integral operator is properly supported if the projections π1 : supp(KA) → U
and π2 : supp(KB) → V are proper maps. The discussion here can be found in [9], and all the
notations introduced above can be generalized to the case on manifolds.
In the rest part of this section, we collect the essential tool in Melin–Sjo¨strand theory on Fourier
integral operators with complex phase [23]. For z = x+ iy ∈ C, we write ∂∂z :=
1
2
(
∂
∂x +
1
i
∂
∂y
)
and
∂
∂z =
1
2
(
∂
∂x −
1
i
∂
∂y
)
. LetW ⊂ Cn be an open set, we say a f ∈ C ∞(W) is almost analytic if for any
compact subset K ⊂ W and any N ∈ N, there is a constant CN > 0 such that∣∣∣∣∂ f∂z (z)
∣∣∣∣ ≤ CN|Imz|N for all z ∈ K.
We say two almost analytic functions f1 and f2 are equivalent, or f1 ∼ f2, if for any compact subset
K ⊂W and any N ∈ N, there is a constant CN > 0 such that
|( f1 − f2)(z)| ≤ CN|Imz|
N for all z ∈ K.
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For WR := W ∩ R
n, then for f ∈ C ∞(WR), f always admits an almost analytic extension up to
equivalence. One way is again via the Borel construction, for example, see [6, Section 2.2]. The
following proposition is about the critical point in the sense of Melin–Sjo¨strand:
Proposition 2.3. Assume f (x,w) is a smooth complex-valued function in a neighborhood of (0, 0) ∈ Rn+m
and that Im f ≥ 0, Im f (0, 0) = 0, f ′x(0, 0) = 0, det f
′′
xx(0, 0) 6= 0. Let f˜ (z,w) be an almost analytic
extension of f to a complex neighboehood of (0, 0), where z = x + iy and w ∈ Cm. By implicit function
theorem, we denote Z(w) to be the solution of
∂ f˜
∂z
(Z(w),w) = 0
in a neighborhood of of 0 ∈ Cm. Then when w is real, for every N ∈ N, there is a constant CN > 0 such
that for all w ∈ Rm near 0,∣∣∣∣ ∂∂w ( f˜ (Z(w),w))− ∂∂w ( f˜ (z,w)∣∣∣z=Z(w))
∣∣∣∣ ≤ CN |ImZ(w)|N .
Moreover, there are constants C1, C2 > 0 such that
Im f˜ (Z(w),w) ≥ C1|ImZ(w)|
2, w ∈ Rm, w near 0
and
Im f˜ (Z(w),w) ≥ C2 inf
x∈Ω
(
Im f (x,w) + |dx f (x,w)|
2
)
, w ∈ Rm, w near 0
where Ω is an open set near the origin in Rn. We call f˜ (Z(w),w) the corresponding critical value.
We end this part by the Melin–Sjo¨strand complex stationary phase formula [23, Theorem 2.3]:
Theorem 2.4. Let f (x,w) be as in the Proposition 2.3. Then there are neighborhood U and V of the origin of
Rn and Rm, respectively, and differential operators C f ,j in x of order less equals to 2j with smooth coefficient
of w ∈ V such that
(2.14)
∣∣∣∣∣∣
∫
eit f (x,w)u(x,w)dx−
(
det
(
t f˜ ′′zz(Z(w),w)
2πi
))− 12
eit f˜ (Z(w),w)
N−1
∑
j=0
(C f ,ju˜)(Z(w),w))t
−j
∣∣∣∣∣∣
is bounded by CNt
−N− n2 , where CN is a positive constant, t ≥ 1 and u ∈ C
∞
0 (U ×V). Here, the function(
det
(
t f˜ ′′zz(Z(w),w)
2πi
))− 12
is the branch of the square root of the (
det
(
t f˜ ′′zz(Z(w),w)
2πi
))−1
which is continuously deformed into 1 under the homotopy
s ∈ [0, 1] 7→ −i(1− s) f˜ ′′zz(Z(w),w) + sI ∈ GL(n,C).
We note that all the discussion above can be generalize to the case on manifolds.
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3. ASYMPTOTICS FOR LOWER ENERGY TORUS EQUIVARIANT SZEGO˝ KERNEL
In this section we study the asymptotics for lower energy torus equivariant Szego˝ kernel. First,
we fix a number λ > 0. Denote
H
q
b,≤λ,m,mp1,··· ,mpd
(X) =
⊕
0≤µ≤λ
H
q
b,µ,m,mp1,··· ,mpd
(X)
where the space H
q
b,µ,m,mp1,··· ,mpd
(X) is defined as in Theorem 2.3. Apply Theorem 2.3, it is clear
that H
q
b,≤λ,m,mp1,··· ,mpd
(X) is still a finite dimensional subspace of Ω
(0,q)
m,mp1,··· ,mpd(X). Consider the
spectral projector
Π
(q)
≤λ,m,mp1,··· ,mpd
: L2(0,q)(X) → H
q
b,≤λ,m,mp1,··· ,mpd
(X).
Denote Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) to be the distribution kernel of the spectral projector Π
(q)
≤λ,m,mp1,··· ,mpd
.
Let Nq := dimC H
q
b,≤λ,m,mp1,··· ,mpd
(X) < ∞ and { f
q
≤λ,j}
Nq
j=1 be an orthonormal basis for the space
H
q
b,≤λ,m,mp1,··· ,mpd
(X). Define the torus equivariant Szego˝ kernel function on lower energy forms
by
(3.1) TrΠ
(q)
≤λ,m,mp1,··· ,mpd
(x) :=
Nq
∑
j=1
| f
q
≤λ,j(x)|
2
h :=
Nq
∑
j=1
〈
f
q
≤λ,j(x)
∣∣∣ f q≤λ,j(x)〉
where { f
q
≤λ,j}
Nq
j=1 is an orthonormal basis for H
q
b,≤λ,m,mp1,··· ,mpd
(X). We note that the relation (2.9)
and (2.12) in Section 2.1 also holds here: for an open set D ⊂ X, we take {ej(x)}
n
j=1 varying
smoothly in x ∈ D such that {ej(x)}
n
j=1 form an orthonormal basis of T
0,1
x X for every x ∈ D. For a
strictly increasing index set J = {j1, · · · , jq} with |J| = q, if we write e
J := ej1 ∧ · · · ∧ ejq , then
(3.2) Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = ∑
|I|=q
′
∑
|J|=q
′
Π
(q)
≤λ,m,mp1,··· ,mpd,I,J
(x, y)eI(x)⊗
(
eJ(y)
)∗
in the sense that
(3.3) Π
(q)
≤λ,m,mp1,··· ,mpd
u(x) = ∑
|I|=q
′
∑
|J|=q
′
(∫
D
Π
(q)
≤λ,m,mp1,··· ,mpd,I,J
(x, y)uJ(y)dVX(y)
)
eI(x).
for u = ∑′|J|=q uJe
J ∈ Ω(0,q)(X). We can check that
(3.4) ∑
|J|=q
′
〈
Π
(q)
≤λ,m,mp1,··· ,mpd
(x, x)eJ(x)|eJ(x)
〉
= TrΠ
(q)
≤λ,m,mp1,··· ,mpd
(x).
Here, Π
(q)
≤λ,m,mp1,··· ,mpd,I,J
(x, y) ∈ C ∞(D × D) for all strictly increasing index set I, J, |I| = |J| = q.
Moreover, we can also check that for all strictly increasing index set I, J, |I| = |J| = q,
(3.5) Π
(q)
≤λ,m,mp1,··· ,mpd,I,J
(x, y) =
Nq
∑
j=1
f
q
≤λ,j,I(x) f
q
≤λ,j,J(y),
where f
q
≤λ,j = ∑
′
|K|=q f
q
≤λ,j,Ke
K, j = 1, · · · ,Nq, is an orthonormal basis for H
q
b,≤λ,m,mp1,··· ,mpd
(X).
We divide our discussion of Szego˝ kernel on space lower energy forms into the cases of the one
away from Y and the one near Y, where Y := µ−1(−p1, · · · ,−pd) define by the torus invariant CR
16 W.-C SHEN
moment map
µ : X → Rd, µ(x) :=
(
〈ω0(x), T1(x)〉, · · · , 〈ω0(x), Td(x)〉
)
,
satisfying Assumption 1.1, 1.2 and 1.3. On one hand, for the case away from Y, we can estimate the
bound sup
x∈D
D∩Y=∅
|u(x)| for the functions u ∈ H
q
b,≤λ,m,mp1,··· ,mpd
(X)with ‖u‖2X := (u|u) = 1 by Bochner
formula of
(q)
b and some standard PDEs argument. Combine with the relation (3.5), we can show
that:
Theorem 3.1. For any open set Ω containing Y,
Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞)
on (X \Ω)× (X \Ω) if q ∈ {0, · · · , n}.
On the other hand, for the case nearY, if we also assume the Levi form is positive nearY, thenwe
can apply the Boutet–Sjo¨strand type theorem [21, Theorem 4.1], i.e. in local picture Π
(q)
≤λ(x, y) is in
the form of a complex phase Fourier integral operator, and we can study the asymptotic behavior
of Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) using integration by parts and Melin–Sjo¨strand complex stationary phase
formula. Precisely, we have
Theorem 3.2. For each p ∈ Y, we can find a neighborhood denoted by Dp, such that
Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞)
on Dp × Dp if q ∈ {1, · · · , n}. Finally, on Dp × Dp,
Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) ≡ eim f (x,y)b(x, y,m) mod O(m−∞).
Here, the phase function f ∈ C ∞(Dp × Dp) satisfies Im f ≥ 0, f (x, x) = 0 for all x ∈ Y ∩ Dp and
dx f (x, x) = −ω0(x), dy f (x, x) = ω0(x) for all x ∈ Y ∩ Dp; also, the symbol satisfies
b(x, y,m) ∈ S
n− d2
loc (1;Dp × Dp)
b(x, y,m) ∼
∞
∑
j=0
mn−
d
2−jbj(x, y) in S
n− d2
loc (1;Dp × Dp)
where bj(x, y) ∈ C
∞(Dp × Dp), j = 0, 1, 2, · · · and b0(x, x) > 0 for all x ∈ Y ∩ Dp.
Finally, we show that the asymptotic behavior of kernel on lower energy forms Theorem 3.1,
Theorem 3.2 actually coincide with the one for genuine kernel Theorem 1.1 as m → +∞. The
precise statement is as followed:
Theorem 3.3. Under the same assumption in Theorem 1.1, then for any λ > 0, as m → +∞
Π
(0)
m,mp1,··· ,mpd = Π
(0)
≤λ,m,mp1,··· ,mpd
.
Proof. Decompose the space
H0b,≤λ,m,mp1,··· ,mpd(X) = H
0
b,m,mp1,··· ,mpd
(X)⊕ Span0<µ≤λH
0
b,µ,m,mp1,··· ,mpd
(X).
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where
H
q
b,≤λ,m,mp1,··· ,mpd
(X) :=
⊕
0≤µ≤λ
{u ∈ Ω
(0,q)
m,mp1,··· ,mpd(X) : 
(q)
b u = µu}.
Apply Theorem 3.2 and Theorem 3.3 for the case q = 1, then by the compactness of X we know
that
dimC H
1
b,≤λ,m,mp1,··· ,mpd
(X) =
∫
X
TrΠ
(1)
≤λ,m,mp1,··· ,mpd
(x)dVX(x) ≤ CNm
−N.
After fixing an N ∈ N, we know that as m → +∞
H1b,≤λ,m,mp1,··· ,mpd(X) = {0}.
Since the group action is required to be CR, Tj∂b = ∂bTj for all j = 0, 1, · · · , d. Combine this with

(q+1)
b ∂b = ∂b
(q)
b , we can find that for any u ∈ H
0
b,µ,m,mp1,··· ,mpd
(X), 0 < µ ≤ λ,
∂bu ∈ H
1
b,≤λ,m,mp1,··· ,mpd
(X).
for m large enough. However, this means that for some 0 < µ ≤ λ, for m large enough
µu = 
(0)
b u = ∂
∗
b
(
∂bu
)
= 0,
i.e. Span0<µ≤λH
0
b,µ,m,mp1,··· ,mpd
(X) = {0} as m → +∞. Therefore, as m → +∞
H0b,≤λ,m,mp1,··· ,mpd(X) = H
0
b,m,mp1,··· ,mpd
(X).
Thus, for any λ > 0, as m → +∞
Π
(0)
m,mp1,··· ,mpd = Π
(0)
≤λ,m,mp1,··· ,mpd
.

3.1. The asymptotic behavior away from Y. In this section we prove Theorem 3.1. Fix a number
λ ≥ 0 and a point p /∈ Y. Since Y is closed, there always exist a neighborhood Dp near p and a
j ∈ {1, · · · , d} such that
〈ω0(x), Tj(x)〉 6= −pj for every x ∈ Dp.
We may assume j = 1, i.e. p1 + 〈ω0(x), T1(x)〉 6= 0 for all x ∈ Dp. Consider the vector field
F := T1 + 〈ω0, T1〉T0,
which is in C ∞
(
X, T1,0X ⊕ T0,1X
)
because 〈ω0, F〉 = 0. We hence decompose F = L+ L, where the
vector field L ∈ C ∞
(
X, T1,0X
)
. From now on, we assume u ∈ H
q
b,≤λ,m,mp1,··· ,mpd
(X)with ‖u‖2X = 1.
Take a cut-off function χ ∈ C ∞0 (Dp) with χ = 1 near p. By Fourier inversion formula, we can
see the multiplication operator χ· as a properly supported zero order pseudodifferential operator.
Precisely, for any v ∈ C ∞0 (Dp)
χv(x) =
1
(2π)2n+1
∫∫
ei〈(x−y),ξ〉χ(x)v(y)dydξ.
If we also regard F as a first order differential operator, then
F(χu) = χ(Fu) + [F,χ]u
= (im(p1 + 〈ω0, T1〉) χu+ [F,χ]u,
(3.6)
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Cause we assume p1 + 〈ω0, T1〉 6= 0 on Dp, from (3.6) there are constants C,C0 > 0 such that
‖χu‖2X ≤
1
Cm2
(
‖F(χu)‖2X + ‖[F,χ]u‖
2
X
)
≤
1
Cm2
(
‖L(χu)‖2X + ‖L(χu)‖
2
X + C0‖u‖
2
X
)
,
(3.7)
where [·, ·] denotes the commutator between differential operators and we see [F,χ] as an order 0
properly supported pseudodifferential operator admitting L2 continuity (See [9, Theorem 3.6 and
Theorem 4.5] for example). From now on, we use notations such as C0,C1,C2, · · · or C
′,C′′, · · · to
denote positive constants independent of m. We need the following L2-estimate to control (3.7):
Proposition 3.1. For a given vector filed Z ∈ C ∞(X, T1,0X), there is a positive constant C′ = C′(Z) such
that
‖Zφ‖2X + ‖Zφ‖
2
X ≤ C
′
((

(q)
b φ
∣∣∣φ)+ |(T0φ|φ)|+ ‖φ‖2X) .
for every φ ∈ Ω
(0,q)
0 (Dp).
Proof. First of all, for any p ∈ X, let {e j(x)}
n
j=1 varying smoothly in x near p such that {e j(x)}
n
j=1
be an orthonomal frame of T∗0,1x X for all x near p and {Lj}
n
j=1 be its dual frame on T
0,1
x X, x is near
p. Since Lj’s are first order differential operators, using integration by parts we can find the formal
adjoint L
∗
j ’s and L
∗
j ’s of Lj’s and Lj are
L
∗
j = −Lj + Ej, L
∗
j = −Lj + Ej,
respectively, where Ej are some terms of zero order. Now, we rewrite Theorem 2.1 into the form

(q)
b =
n
∑
j=1
L
∗
j Lj +
n
∑
j=1
ajLj +
n
∑
j=1
bjLj + cT0 + d,
where aj, bj, cj , c and d are smooth coefficeints, j = 1, · · · , n. Then for φ ∈ C
∞
0 (Dp),(

(q)
b φ
∣∣∣φ) ≥ n∑
j=1
‖Ljφ‖
2
X −
n
∑
j=1
|(ajLjφ|φ)| −
n
∑
j=1
|(bjLjφ|φ)| − |(cT0φ|φ)| − |(dφ|φ)|
Note that for any ǫ > 0, we have
|(ajLjφ|φ)| ≤ |(Ljajφ|φ)|+ |([aj , Lj]φ|φ)|
≤ |(ajφ|L
∗
j φ)|+ C1‖φ‖
2
X
≤ |(ajφ|Ljφ)|+ |(ajφ|Ejφ)|+ C1‖φ‖
2
X
≤
C2
ǫ
‖φ‖2X + ǫ‖Ljφ‖
2
X + C3‖φ‖
2
X + C1‖φ‖
2
X ,
and
|(bjLjφ|φ)| ≤ C4ǫ‖Ljφ‖
2
X +
1
ǫ
‖φ‖2X ,
and
|(cT0φ|φ)| ≤ C5‖T0φ‖ · ‖φ‖, |(dφ|φ)| ≤ C6‖φ‖
2
X .
Take ǫ small enough, then we get
(3.8) ‖Ljφ‖
2 ≤ C7
(
(
(q)
b φ|φ) + |(T0φ|φ)|+ ‖φ‖
2
X
)
,
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and sum over j we have
(3.9) ‖Zφ‖2 ≤ C′7
(
(
(q)
b φ|φ) + |(T0φ|φ)|+ ‖φ‖
2
X
)
.
So it remains to estimate ‖Ljφ‖
2
X and ‖Zφ‖
2
X . Observe that
‖Ljφ‖
2
X = |(L
∗
j Ljφ|φ)|
≤ |(LjL
∗
j φ|φ)|+ |([L
∗
j , Lj]φ|φ)|
≤ ‖L∗j φ‖
2
X +
∣∣∣∣∣
((
n
∑
k=1
fkLk +
n
∑
k=1
gkLk) + cT0
)
φ
∣∣∣∣∣φ
)∣∣∣∣∣
≤
(
‖Ljφ‖
2
X + C8‖φ‖
2
X
)
+ C9
(
ǫ‖Lφ‖2X +
1
ǫ
‖φ‖2X + (‖Lφ‖
2
X + ‖φ‖
2
X) + |(T0φ|φ)|
)
,
where fk, gk, c are some smooth coefficients. Choose ǫ small enough, sum over j, and apply (3.8),
then we can also get
(3.10) ‖Zφ‖2X ≤ C10
(
(
(q)
b φ|φ) + |(T0φ|φ)|+ ‖φ‖
2
X
)
.
Hence,
‖Zφ‖2X + ‖Zφ‖
2
X ≤ C
′
(
(
(q)
b φ|φ) + |(T0φ|φ)|+ ‖φ‖
2
X
)
.

Recall that from (3.7) we have
(3.11) ‖χu‖2X ≤
1
Cm2
(
‖L(χu)‖2X + ‖L(χu)‖
2
X + C0
)
and now Proposition 3.1 implies that
(3.12) ‖L(χu)‖2X + ‖L(χu)‖
2
X + C0 ≤ C
′
(
(
(q)
b (χu)|χu) + (T0(χu)|χu) + ‖χu‖
2
X
)
+ C0.
We now estimate all terms in (3.12) one by one. First, we have
(
(q)
b (χu)|χu) = (χ
(q)
b u|χu) + ([
(q)
b ,χ]u|χu)
≤ λ‖χu‖2X +
(
(
n
∑
j=1
cjLj +
n
∑
j=1
djLj + eT0)u|χu
)
≤ λ‖χu‖2X +
∣∣∣∣∣
(
(
n
∑
j=1
cjLj +
n
∑
j=1
djLj + eT0)u|χu
)∣∣∣∣∣
≤ λ‖χu‖2X +
n
∑
j=1
∣∣(cjLju|χu)∣∣+ n∑
j=1
∣∣(djLju|χu)∣∣+ |(eT0u|χu)|
(3.13)
for some smooth coefficeints cj, dj, e, j = 1, · · · , n. Note that
(3.14) |(eT0u|χu)| = |(eu|mχu)| ≤
C11
ǫ
‖u‖2X + ǫm
2‖χu‖2X ;
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and for all j = 1, · · · , n,∣∣(cjLju|χu)∣∣ = ∣∣∣(cju|L∗j (χu))∣∣∣+ ∣∣([cj, Lj]u|χu)∣∣
≤
(
C12
ǫ
‖u‖2X + ǫ
(
‖Lj(χu)‖
2
X + C13‖χu‖
2
X
))
+
(
C14
ǫ
‖u‖2X + ǫ‖χu‖
2
X
)
= ǫ‖Lj(χu)‖
2
X + (C13ǫ+ ǫ)‖χu‖
2
X +
C12 + C14
ǫ
‖u‖2X ,
(3.15)
and similarly
(3.16)
∣∣(djLju|χu)∣∣ ≤ ǫ‖Lj(χu)‖2X + (C16ǫ+ ǫ)‖χu‖2X + C15 + C17ǫ ‖u‖2X .
Second,
|(T0(χu)|χu)| ≤ |(χT0u|χu)|+ |([T0,χ]u|χu)|
≤ m‖χu‖2X + ‖[T0,χ]u‖X · ‖χu‖X
≤ m‖χu‖2X +
(
C18
ǫ
‖u‖2X + ǫ‖χu‖
2
X
)
.
(3.17)
Therefore, ‖L(χu)‖2X + ‖L(χu)‖
2
X is bounded above by
C′
((
m+ (m2 + C19)ǫ
)
‖χu‖2X + ǫ
(
‖Lj(χu)‖
2
X + ‖Lj(χu)‖
2
X
)
+ C20ǫ
−1‖u‖2X
)
.
for some constant C′ > 0 independent of m and u. Take ǫ small enough and sum over j, then when
m large enough, there is also a constant C′′ > 0 independent of m and u such that
‖L(χu)‖2X + ‖L(χu)‖
2
X ≤ C
′′
(
(m+ ǫm2)‖χu‖2X + ǫ
−1‖u‖2X
)
holds. Back to the estimate (3.11), i.e.
Cm2‖χu‖2X ≤ ‖L(χu)‖
2
X + ‖L(χu)‖
2
X + C0.
Recall that we assume ‖u‖2X = 1 here, so if we take a suitably small ǫ such that ǫ <
C
2C′′ , then when
m large enough we can find
Proposition 3.2. For a point p ∈ Y and Dp a neighborhood of p with Dp ∩ Y = ∅, if we fix a number
λ ≥ 0, then for each function χ ∈ C ∞0 (Dp) and q-form u ∈ H
q
b,≤λ,m,mp1,··· ,mpd
(X) with ‖u‖2X = 1, we can
find a constant C0,1 > 0 independent of m and u such that as m → +∞
‖χu‖X ≤
1
C0,1m
.
In fact, we can modify the above argument and improve the estimate Proposition 3.2:
Proposition 3.3. Assume the same p, Dp, u in Proposition 3.2. For each χ ∈ C ∞0 (Dp) and any N ∈ N0,
we can find a constant C0,N > 0 independent of m and u such that as m → +∞
‖χu‖X ≤
1
C0,NmN
.
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To see this, we need to look back the estimate we did before, i.e. the one appeared in (3.7), (3.12),
(3.13) and (3.17). First, take another cut-off function τ ∈ C ∞0 (Dp)with τ ≡ 1 near supp(χ), observe
that (3.7) can be reformulated as
‖χu‖2X ≤
1
Cm2
(‖F(χτu)‖2X + ‖[F,χ]τu‖)
≤
1
Cm2
(
‖L(χτu)‖2X + ‖L(χτu)‖
2
X + C0‖τu‖
2
X
)
.
(3.18)
Note that (3.14) can be also viewed as
|(eT0u|χu)| = |(eτu|mχu)| ≤
C0
ǫ
‖τu‖2X + ǫm
2‖χu‖2X .
Similarly, we rewrite (3.15), (3.16) into∣∣(cjLju|χu)∣∣ = ∣∣(cjτLju|χu)∣∣
≤
∣∣∣(cjτu|L∗j (χu))∣∣∣+ ∣∣([cjτ, Lj]u|χu)∣∣
≤
(
C12
ǫ
‖τu‖2X + ǫ
(
‖Lj(χu)‖
2
X + C13‖χu‖
2
X
))
+ 2C14‖u‖X · ‖χu‖X
= ǫ‖Lj(χu)‖
2
X +
C12
ǫ
‖τu‖2X + C13ǫ‖χu‖
2
X + 2C14‖u‖X · ‖χu‖X ,
(3.19)
and
(3.20)
∣∣(djLju|χu)∣∣ ≤ ǫ‖Lj(χu)‖2X + C15ǫ ‖τu‖2X + C16ǫ‖χu‖2X + 2C17‖u‖X · ‖χu‖X ,
respectively. Also, we take (3.17) in the form of
|(T0(χu)|χu)| ≤ m‖χu‖
2
X + 2C18‖u‖X · ‖χu‖X .(3.21)
Therefore, we have a slightly different upper bound
C′
((
m+ (m2 + C8)ǫ
)
‖χu‖2X + ǫ
−1‖τu‖2X + ǫ
(
‖Lj(χu)‖
2
X + ‖Lj(χu)‖
2
X
)
+ 2C19‖u‖X · ‖χu‖X
)
.
for ‖L(χu)‖2X + ‖L(χu)‖
2
X . Take ǫ small enough and sum over j, then for all large enough m,
‖L(χu)‖2X + ‖L(χu)‖
2
X ≤ C
′′
((
m+ ǫm2
)
‖χu‖2X + ǫ
−1‖τu‖2X + 2C19‖u‖X · ‖χu‖X
)
.
From (3.18)
Cm2‖χu‖2X ≤ ‖L(χu)‖
2
X + ‖L(χu)‖
2
X + C0‖τu‖
2
X ,
we can take sutibly small ǫ such that as m large enough
m2‖χu‖2X ≤ C
′′′
(
ǫ−1‖τu‖2X + ‖u‖X · ‖χu‖X + ‖τu‖
2
X
)
≤ C′′′(
1
ǫC0,1(τ)m2
+
1
C0,1(χ)m
+
1
C0,1(τ)m2
)
≤
1
C0, 32
m
.
(3.22)
So ‖χu‖X ≤
1
C
0, 32
m
3
2
, and we can inductively apply (3.22) to get Proposition 3.3.
Finally, for p ∈ Y, we take neighborhoods Op ⋐ Dp of p where Dp ∩ Y = ∅, and pick a bump
function χ ∈ C ∞0 (Dp) with χ ≡ 1 on Op. Denote ‖ · ‖k to be a torus invariant Sobolev k-norm
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induced by (·|·). After applying the Ga˚rding inequality to the 2k-order strongly elliptic operator
(
(q)
b − T
2
0 )
k, we have
‖u‖2k ≤ C
′
k
((
(
(q)
b − T
2
0 )
ku
∣∣∣u)+ ‖u‖2X) = O(m2k).
Similarly, with the help of elliptic estimate on (
(q)
b − T
2
0 )
k, for large enough m
‖χu‖2k ≤ C
′
k
((
(
(q)
b − T
2
0 )
kχu
∣∣∣χu)+ ‖χu‖2X)
≤ C′k
((
χ(
(q)
b − T
2
0 )
ku
∣∣∣χu)+ ([((q)b − T20 )k,χ] u∣∣∣χu)+ ‖χu‖2X)
≤ C′′k
(
(λ+m2)k‖χu‖2X + ‖u‖2k−1‖χu‖X + ‖χu‖
2
X
)
.
(3.23)
By Proposition 3.3, for any N ∈ N0, there is a constant Ck,N > 0 independent of m and u such that
(3.24) ‖χu‖k ≤ Ck,Nm
−N,
for all m large enough. Combine (3.24) with Sobolev inequality, for all x ∈ Op, p /∈ Y, k large
enough, then for any N ∈ N, there is a constant CN > 0 independent of m and u such that
(3.25) |u(x)|2h = |χ(x)u(x)|
2
h ≤ C
′′′
k ‖χu‖
2
k ≤ CNm
−N ,
for all m large enough. Now, consider a cut-off function τ ∈ C ∞0 (Dp), τ ≡ 1 on supp(χ). For any
differential operator P : Ω
(0,q)
0 (Dp) → Ω
(0,q)(Dp) of order l, where Ω
(0,q)
0 (Dp) := C
∞
0 (Dp, T
∗0,qX).
Note that
Pu(x) = χ(x)Pu(x) = P(χu)(x) + [χ, P](τu)(x).
Thus, similar in (3.25), for every x ∈ Op, p /∈ Y, k large enough and any N ∈ N, there is a constant
CN > 0 independent of m and u such that
(3.26) |Pu(x)|2h ≤ C
′′′
k
(
‖P(χu)‖2k + ‖[χ, P](τu)‖
2
k
)
≤ C′′′′k
(
‖χu‖2k+l + ‖τu‖k+l−1
)
≤ CNm
−N
for all m large enough. From (3.25) and (3.26) and (3.5), Theorem 3.1 holds.
3.2. The full asymptotic expansion near Y. In this section, we prove Theorem 3.2. We first calcu-
late the cirle equivariant Szego˝ kernel. From now on, we fix a point p ∈ Y and take a BRT patch D
near p as in Proposition 2.2 . Let
Ω
(0,q)
m (X) :=
{
u ∈ Ω(0,q)(X) : −iT0u := mu
}
and L2(0,q),m(X) be the completion of Ω
(0,q)
m (X) with respect to (·|·). With respect to (·|·), denote
Q
(q)
m to be the orthogonal projection
Q
(q)
m : L
2
(0,q)(X) → L
2
(0,q),m(X).
Extend 
(q)
b by Gaffney extension (2.8), then 
(q)
b is a self-adjoint operator. We can hence apply
generel theory for self-adjoint operator such as [6] to take the spectral projector
Π
(q)
≤λ : L
2
(0,q)(X) → H
q
b,≤λ(X) := E((−∞,λ]),
ASYMPTOTICS OF TORUS EQUIVARIANT SZEGO˝ KERNEL ON A COMPACT CR MANIFOLD 23
for any λ > 0, where E((−∞,λ]) is the spectral projection and E is the spectral measure for 
(q)
b ,
respectively. Denote the m-th Fourier component of the spectral projector by
Π
(q)
≤λ,m : L
2
(0,q)(X) → H
q
b,m,≤λ(X) := H
q
b,≤λ(X) ∩ L
2
(0,q),m(X).
We can check that on Ω(0,q)(X),
Π
(q)
≤λ = Q
(q)
m Π
(q)
≤λ = Π
(q)
≤λQ
(q)
m .
For a given point p ∈ Y, let x = (x1, · · · , x2n, x2n+1) = (x˚, x2n+1), y = (y1, · · · , y2n, y2n+1) =
(y˚, y2n+1) be BRT trivialization as in Theorem 2.2 defined on D := D˜ × (−π,π) ⊂ X near p,
where D˜ is an open set of Cn. Note that by theory of Fourier series on the circle, Q
(q)
m u(x) =
1
2π
∫ π
−π e
−imθu(eiθ ◦ x)dθ for any u ∈ Ω(0,q)(X). In particular, under BRT coordinates, for all u ∈
Ω
(0,q)
0 (D) := C
∞
0 (D, T
∗0,qX),
Π
(q)
≤λ,mu(x) = Q
(q)
m Π
(q)
≤λu(x)
=
1
2π
∫ π
−π
e−imθ
(∫
D
Π
(q)
≤λ(e
iθ ◦ x, y)u(y)dVX(y)
)
dθ
=
∫
D
(
1
2π
∫
Π
(q)
≤λ(e
iθ ◦ x, y)e−imθdθ
)
u(y)dVX(y).
In other words,
(3.27) Π
(q)
≤λ,m(x, y) =
1
2π
∫ π
−π
Π
(q)
≤λ(e
iθ ◦ x, y)e−imθdθ.
Similarly, for a fixed (p1, · · · , pd) ∈ Z
d , we can find that Π
(0)
m,mp1 ··· ,mpdu(x) is
(2π)−d
∫
X
(∫
Td
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd ) ◦ x, y
)
e−im ∑
d
j=1 pjθjdθ1, · · · dθd
)
u(y)dVX(y),
for all u ∈ Ω(0,q)(X).Therefore,
Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) =
1
(2π)d
∫
Td
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd) ◦ x, y
)
e−im ∑
d
j=1 pjθjdθ1, · · · dθd.(3.28)
Since we assume the Levi form is positive on Y, we can apply the result in [21] for the case of
constant signature (n−, n+) = (0, n) near Y. On one hand, from [21, Theorem 4.1], we have:
Proposition 3.4. For each q = 1, · · · , n− 1, Π
(q)
≤λ is a smoothing operator near Y.
Form Proposition 3.4, using integration by parts with respect to θ in (3.27), beacuse the boundary
term vanishes for periodic reason, we can show that on Ω×Ω,
Π
(q)
≤λ,m(x, y) = O(m
−∞) for all q = 1, · · · , n− 1,
where Ω is an open set containing Y. In particular, from (3.28) and Theorem 3.1, we have:
Proposition 3.5. For each q = 1, · · · , n− 1, Π
(q)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞) on X × X.
On the other hand, from the statement and the proof of [21, Theorem 4.1], we know:
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Proposition 3.6. For q = {0, n}, locally on a coordinates patch D ⊂ X, Π
(q)
≤λ is in the form of complex
Fourier integral operator. Precisely, in the sense of oscillatory integral
Π
(0)
≤λ(x, y) =
∫ ∞
0
eiφ−(x,y)ta−(x, y, t)dt.
Moreover, for any small open neighborhood Ω containing Y and all χ, τ ∈ C ∞0 (Ω) such that supp(χ) ∩
supp(τ) = ∅, then χΠ
(0)
≤λτ is a smoothing operator. Here the phase function locally on D is
φ−(x, y) = x2n+1 − y2n+1 + Φ(x˚, y˚),
where x˚ := (x1, · · · , x2n), y˚ := (y1, · · · , y2n) and Φ(x˚, y˚) is a complex-valued function satisfying for some
constant C > 0, ImΦ(x˚, y˚) ≥ C|x˚− y˚|2, Φ(x˚, y˚) = −Φ(y˚, x˚), and Φ(x˚, y˚) = 0 if and only if x˚ = y˚, for
all (x, y) ∈ D× D. And the symbol here satisfies
a−(x, y, t) ∈ S
n
cl(D× D×R+), a−(x, y, t) ∼
∞
∑
j=0
tn−j(a−)j(x, y) in S
n
cl(D× D×R+),
where (a−)j(x, y) ∈ C
∞(D× D), j = 0, 1, 2, · · · , and (a−)0(x, x) =
1
2πn+1
|detLx|.
Similarly,
Π
(n)
≤λ(x, y) =
∫ ∞
0
eiφ+(x,y)ta+(x, y, t)dt,
where the phase on D is
φ+(x, y) = −φ−(x, y) = −x2n+1 + y2n+1 −Φ(x˚, y˚)
and the symbol
a+(x, y, t) ∈ S
n
cl(D× D×R+, T
∗0,nX⊠ T∗0,nX).
Also, for any small open neighborhood Ω containing Y and all χ, τ ∈ C ∞0 (Ω) such that supp(χ) ∩
supp(τ) = ∅, then χΠ
(n)
≤λτ is a smoothing operator.
To calculate (3.27) via Proposition 3.6, we need to consider the integral under the BRT coordi-
nates patch D := D˜× (−π,π) in Theorem 2.2. First, note that under BRT coordinates, for x ∈ D
and eiθ ◦ x ∈ D, we have eiθ ◦ x = (x1, · · · , x2n, x2n+1 + θ). Second, to make sure all the calculation
are under BRT patch, for (x, y) ∈ D × D, we have to consider a smaller open set Dp ⊂ D such
that Dp ⊂ D, and cut-off functions χ0,χ1 ∈ C
∞
0 (D), where χ0 ≡ 1 on Dp and χ1 ≡ 1 on supp(χ).
Notice that
Π
(0)
≤λ,m(x, y) = e
imx2n+1Π
(0)
≤λ,m(xˆ, y),
where xˆ := (x1, · · · , x2n, 0). This holds because from (3.5), Π
(0)
≤λ,m(x, y) = ∑
N0
j=1 f
0
≤λ,j(x) f
0
≤λ,j(y) and
f 0≤λ,j(x) = e
imx2n+1 f 0≤λ,j(xˆ) by T0 =
∂
∂x2n+1
, where { f 0≤λ,j}
N0
j=1 is an orthonormal basis for H
0
b,≤λ,m(X).
Now, for (x, y) ∈ Dp × Dp, we write
Π
(0)
≤λ,m(x, y) = e
imx2n+1Π
(0)
≤λ,m(xˆ, y)
=
eimx2n+1
2π
∫ π
−π
Π
(0)
≤λ(e
iθ ◦ xˆ, y)e−imθdθ
=
eimx2n+1
2π
∫ π
−π
Π
(0)
≤λ(e
iθ ◦ xˆ, y)χ0(y)e
−imθdθ
= I1 + I2
(3.29)
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where
(3.30) I1 :=
eimx2n+1
2π
∫ π
−π
χ1(e
iθ ◦ xˆ)Π
(0)
≤λ(e
iθ ◦ xˆ, y)χ0(y)e
−imθdθ
and
I2 :=
eimx2n+1
2π
∫ π
−π
(1− χ1)(e
iθ ◦ xˆ, y)Π
(0)
≤λ(e
iθ ◦ xˆ, y)χ0(y)e
−imθdθ
=
eimx2n+1
2π
∫ π
−π
(
(1− χ1)Π
(0)
≤λχ0
)
(eiθ ◦ xˆ, y)e−imθdθ.
(3.31)
In (3.31), since (1− χ1)Π
(0)
≤λχ0 is a smoothing operator in view of Proposition 3.6, we can apply
integration by parts with respect to θ. Because the boundary term vanishes for periodic reason, we
can find that I2 = O(m−∞). As for (3.30), we shall write
I1 =
eimx2n+1
2π
∫ π
−π
χ1(e
iθ ◦ xˆ, y)Π
(0)
≤λ(e
iθ ◦ xˆ)χ0(y)e
−imθdθ
=
eimx2n+1
2π
∫ π
−π
∫ ∞
0
eiφ−(e
iθ◦xˆ,y)tχ1(e
iθ ◦ xˆ)a−(e
iθ ◦ xˆ, y, t)χ0(y)e
−imθdtdθ
=
eimx2n+1
2π
∫ π
−π
∫ ∞
0
eiφ−((x˚,θ),y)t−imθχ1(x˚, θ)a−
(
(x˚, θ), y, t
)
χ0(y)dtdθ
=
meimx2n+1
2π
∫ π
−π
∫ ∞
0
eimψ−(x,y,t,θ)χ1(x˚, θ)a−
(
(x˚, θ), y,mt
)
χ0(y)dtdθ
(3.32)
where
ψ−(x, y, t, θ) :=
(
θ − y2n+1 + Φ(x˚, y˚)
)
t− θ.
Similarly, on DP × Dp, we write Π
(n)
≤λ,m(x, y) = I3 + I4, where
(3.33) I3 :=
meimx2n+1
2π
∫ π
−π
∫ ∞
0
eimψ+(x,y,t,θ)χ1(x˚, θ)a+
(
(x˚, θ), y,mt
)
χ0(y)dtdθ,
and
(3.34) I4 :=
eimx2n+1
2π
∫ π
−π
(
(1− χ1)Π
(n)
≤λχ0
)
(eiθ ◦ xˆ, y)e−imθdθ = O(m−∞).
Here,
ψ+(x, y, t, θ) := −
(
θ − y2n+1 + Φ(x˚, y˚)
)
t− θ.
We first handle the case for q = n:
Proposition 3.7. Π
(n)
≤λ,m(x, y) = O(m
−∞) on Dp × Dp.
Proof. Consider a cut-off function χ2(θ) ∈ C ∞0 (R), χ2(θ) ≡ 1 when |θ| ≤
π
4 and χ2(θ) ≡ 0 when
π
2 ≤ |θ| < π. Write
I3 = I5 + I6
where I5 has the integrand cut off by χ2 and I6 is the one cut off by 1− χ2. Since t ≥ 0, the term
∂ψ+
∂θ = −t− 1 6= 0 for all θ ∈ (−π,π), so we can write e
imψ+ = ∂∂θ
(
eimψ+
−im(t+1)
)
. Take I5 = I ′5 + I
′′
5 ,
where I ′5 is the integration taken over 0 ≤ t ≤ 1 and I
′′
5 is the one taken over t > 1. By using
integration by parts with respect to θ, we can find both I ′5 = O(m
−∞) and I ′′5 = O(m
−∞). Thus,
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I5 = O(m−∞). As for I6, for the case x˚ 6= y˚, we have Imψ+ = ImΦ(x˚, y˚) > 0, so Π
(n)
≤λ,m(x, y) =
O(m−∞) by the elementary inequality that for any m,N ∈ N, mNe−m ≤ CN for some constant
CN > 0. For the case x˚ = y˚, ψ+ = −(θ− y2n+1)t− θ. Notice that we may assume θ − y2n+1 6= 0 on
I6 by taking the open set Dp small enough. Consider a cut-off function τ ∈ C ∞0 (R), τ(t) ≡ 1 when
|t| ≤ 1 and τ(t) ≡ 0 when |t| ≥ 2. Set
(3.35) τj(t) := τ(2
−jt)− τ(21−jt), j ∈ N, τ0 := τ.
Note that ∑∞j=0 τj = 1 and
(3.36) 2j−1 ≤ |t| ≤ 2j+1 for t ∈ supp(τj), j > 0.
By the construction of oscillatory integral, for example see [14, Theorem 7.8.2], in this case
I6 =
eimx2n+1
2π
∞
∑
j=0
∫ π
−π
∫ ∞
0
eimψ+(x,y,t,θ)τj(t)(1− χ2(θ))χ1(x˚, θ)a+
(
(x˚, θ), y,mt
)
χ0(y)dtdθ.
Decompose I6 = I ′6 + I
′′
6 , where
(3.37) I ′6 :=
eimx2n+1
2π
∫ π
−π
∫ ∞
0
eimψ+(x,y,t,θ)τ0(t)(1− χ2(θ))χ1(x˚, θ)a+
(
(x˚, θ), y,mt
)
χ0(y)dtdθ
and
(3.38) I ′′6 :=
eimx2n+1
2π
∞
∑
j=1
∫ π
−π
∫ ∞
0
eimψ+(x,y,t,θ)τj(t)(1− χ2(θ))χ1(x˚, θ)a+
(
(x˚, θ), y,mt
)
χ0(y)dtdθ.
On one hand, in (3.38), because e−im(−(θ−y2n+1)t−θ) = ∂∂t
(
e−im(−(θ−y2n+1)t−θ)
−im(θ−y2n+1)
)
, we can integration by
parts with respect to t, and after combining (3.35), (3.36) and a+(x, y, t) ∈ Sncl(D×D×R+, T
∗0,nX⊠
T∗0,nX), we can find that I ′′6 = O(m
−∞). On the other hand, in (3.37), we can also integration by
parts with respect to t; however, the boundary term appears at t = 0. Fortunately, thanks to χ1
has compact support in (−π,π) and e−im(−(θ−y2n+1)t−θ) = ∂∂θ
(
e−im(−(θ−y2n+1)t−θ)
im(t+1)
)
, we can again apply
integration with respect to θ, and no boundary term will appear. In this way, we can also find
I ′6 = O(m
−∞). 
In particular, from (3.28) and Theorem 3.1, we find that:
Proposition 3.8. Π
(n)
≤λ,m,mp1,··· ,mpd
(x, y) = O(m−∞) on X × X.
Next, for the case q = 0, take the point p ∈ Y which we set in the beginning of this section, and
we can find that at the point
(x, y, t, θ) = (p, p, 1, 0),
there are
Imψ− = 0,
∂ψ−
∂t
= 0,
∂ψ−
∂θ
= 0,
and
detψ
′′
− = det
[
∂2ψ−
∂t2
∂2ψ−
∂θ∂t
∂2ψ−
∂t∂θ
∂2ψ−
∂θ2
]
= det
[
0 −1
−1 0
]
= −1 6= 0.
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Thus the point (x, y, t, θ) = (p, p, 1, 0) satisfies the assumption in Proposition 2.3. Moreover, when
(x, y) varies near (p, p) we can have the Melin–Sjo¨strand critical value in Proposition 2.3, because
the system of equations
∂ψ˜−
∂t˜
(x, y, t˜, θ˜) = 0
and
∂ψ˜−
∂θ˜
(x, y, t˜, θ˜) = 0
also has the solution
(t˜, θ˜) =
(
1, y2n+1 −Φ(x˚, y˚)
)
∈ C2
where
ψ˜−(x, y, t˜, θ˜) =
(
θ˜ − y2n+1 + Φ(x˚, y˚)
)
t˜− θ˜
is an almost analytic extension of ψ− with respect to (t, θ). Therefore, we consider the decomposi-
tion also denoted by
I1 = I7 + I8,
where I7 is the one cut off by a bump function χ3(t, θ) ∈ C ∞0 (R
2) and I8 is the one cut off by 1− χ3.
Here, χ3 satisfies χ3 ≡ 1 near (t, θ) = (1, 0), supp (χ3(t, θ)) ⊂ [
1
2 ,
3
2 ]× [−
π
2 ,
π
2 ].
On one hand, similar to the proof of Proposition 3.7, consider a cut-off function τ ∈ C ∞0 (R),
τ(t) ≡ 1 when |t| ≤ 1 and τ(t) ≡ 0 when |t| ≥ 2. We also set τj as in (3.35), j ∈ N. Again, by
taking Dp small enough, we may assume that ∂tψ− :=
∂ψ−
∂t = θ − y2n+1 + Φ(x˚, y˚) 6= 0 on I8. Take
the decomposition I8 := I ′8 + I
′′
8 , where
(3.39) I ′8 :=
meimx2n+1
2π
∫ π
−π
∫ ∞
0
eimψ−(x,y,t,θ)τ0(t)(1− χ3)(t, θ)χ1(x˚, θ)a−
(
(x˚, θ), y,mt
)
χ0(y)dtdθ
and
(3.40) I ′′8 :=
meimx2n+1
2π
∞
∑
j=1
∫ π
−π
∫ ∞
0
eimψ−(x,y,t,θ)τj(t)(1− χ3)(t, θ)χ1(x˚, θ)a−
(
(x˚, θ), y,mt
)
χ0(y)dtdθ,
By eimψ− = ∂∂t
(
eimψ−
im∂tψ−
)
, for (3.40), we can take integration by parts with respect to t, and combine
with (3.35), (3.36) and a−(x, y, t) ∈ Sncl(D × D × R+) to show that I
′′
8 = O(m
−∞). Also, since χ1
has support in (−π,π), for (3.39), we can apply integration by parts with respect to t and θ as in
Proposition 3.7 to show that I ′8 = O(m
−∞).
On the other hand, by the Melin–Sjo¨strand complex stationary phase formula, see Theorem 2.4,
up to an element in O(m−∞), the I7 can be written into
m
2π
eim(ψ˜−(x,y,1,y2n+1−Φ(x˚,y˚))+x2n+1)A(x, y,m) = eim(x2n+1−y2n+1+Φ(x˚,y˚))A(x, y,m),
where
(3.41)
A(x, y,m) :=
χ˜3(1, y2n+1 −Φ(x˚, y˚))χ˜1(x, y2n+1 −Φ(x˚, y˚))a˜−((x˚, y2n+1 −Φ(x˚, y˚)), y,m)χ0(y)
det
(
mψ˜′′−(x,y,1,y2n+1−Φ(x˚,y˚))
2πi
) 1
2
,
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is in the symbol space Snloc(1;Dp × Dp), χ˜3, χ˜1 and a˜− is an almost analytic extensions of χ3, χ1
and a− in the varaible (t, θ), respectively, and ψ˜′′− :=
[
∂2ψ˜−
∂t˜2
∂2ψ˜−
∂θ˜∂t˜
∂2ψ˜−
∂t˜∂θ˜
∂2ψ˜−
∂θ˜2
]
. Note that by basic properties
of symbol space, we have the expansion A(x, y,m) ∼ ∑∞j=0 m
n−jAj(x, y) in S
n
loc(1;Dp ×Dp), where
Aj(x, y) ∈ C
∞(Dp× Dp), and by the construction of almost analytic extension, we can find that
(3.42) A0(p, p) = (a−)0(p, p) =
detLp
2πn+1
.
We sum up the discussion so far as the following local result:
Proposition 3.9. Let p ∈ Y, D be a BRT coordinates patch as in Theorem 2.2 near p and take an small
enough Dp ⊂ D such that Dp ⊂ D. For any (x, y) ∈ Dp × Dp, the m-th Fourier component of the Szego˝
kernel on lower energy functions is
Π
(0)
≤λ,m(x, y) ≡ e
im(x2n+1−y2n+1+Φ(x˚,y˚))A(x, y,m)mod O(m−∞).
Here, x˚ := (x1, · · · , x2n), y˚ := (y1, · · · , y2n); the function Φ(x˚, y˚) is a complex-valued function satisfying:
ImΦ(x˚, y˚) ≥ C|x˚− y˚|2, for some constant C > 0,
and
Φ(x˚, y˚) = −Φ(y˚, x˚), Φ(x˚, y˚) = 0 if and only if x˚ = y˚
for all (x, y) ∈ Dp× Dp; and A(x, y,m) ∈ Snloc(1;Dp × Dp) with asymptotic expansion
A(x, y,m) ∼
∞
∑
j=0
mn−jAj(x, y) in S
n
loc(1;Dp × Dp), Aj(x, y) ∈ C
∞(Dp × Dp), A0(p, p) =
detLp
2πn+1
.
Before preceding, note that in view of Proposition 3.6, we see that Π
(0)
≤λ is smoothing away from
the diagonal. From this observation, we can eother use integration by parts with respect to θ in
(3.27) for the case near Y or apply Thoerem 3.1 for the case away from Y to show that :
Proposition 3.10. For (q1, q2) ∈ X × X such that q1 and q2 are not in the same S
1-orbit, then on U ×V,
Π
(0)
≤λ,m(x, y) = O(m
−∞), where U and V are some open neighborhoods of q1 and q2, respectively.
Now, for x ∈ D, if (eiθ1 , · · · , eiθd) ◦ x ∈ D, let
x′ := x′(θ1, · · · , θd) := (x˚
′, x′2n+1) := (e
iθ1 , · · · , eiθd) ◦ (x˚, x2n+1).
Recall that
(3.43) Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) =
1
(2π)d
∫
Td
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd) ◦ x, y
)
e−im ∑
d
j=1 pjθjdθ1, · · · dθd.
Let p ∈ Y with BRT coordinates patch D near p as in Theorem 2.2 and (x, y) ∈ D × D. We first
observe that (eiθ1 , · · · , eiθd) ◦ x /∈ D, then
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd) ◦ x, y
)
= O(m−∞).
One way to see this is by writing
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd) ◦ x, y
)
= eimy2n+1Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd ) ◦ x, yˆ
)
.
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Clearly, (eiθ1 , · · · , eiθd) ◦ x and yˆmust not in the same S1-orbit, otherwise there exists a θ˚ ∈ (−π,π)
such that (eiθ1 , · · · , eiθd) ◦ x = eiθ˚ ◦ yˆ = (y˚, θ˚) ∈ D leading to a contradiction. From Proposition
3.10, this implies that
Π
(0)
≤λ,m
(
(eiθ1 , · · · , eiθd) ◦ x, y
)
= O(m−∞).
In view of (3.43), for simplicity, we assume
(3.44) (eiθ1 , · · · , eiθd) ◦ x ∈ D for all (θ1, · · · , θd) ∈ T
d and x ∈ D.
from now on. Moreover,
Proposition 3.11. Let p ∈ Y and Dp := D˜p × (−ǫ, ǫ), where ǫ is a small number, as in Proposition 3.9,
for (x, y) ∈ Dp × Dp, if (eiθ1 , · · · , eiθd ) ◦ x /∈ Dp, then Π
(0)
≤λ,m((e
iθ1 , · · · , eiθd) ◦ x, y) = O(m−∞).
Proof. If (eiθ1 , · · · , eiθd) ◦ x and y are in the same S1-orbit, i.e. there is a θ˚ ∈ (−π,π) such that
(eiθ1 , · · · , eiθd) ◦ x = eiθ˚ ◦ yˆ = (y˚, θ˚) /∈ Dp, then there must be |θ| > ǫ > |y2n+1|. Take cut-off
functions χ0,χ1 ∈ C
∞
0 (D), where χ0 ≡ 1 on Dp and χ1 ≡ 1 on supp(χ). Pick τ ∈ C
∞
0 (R), where
τ(t) ≡ 1 when |t| ≤ 1 and τ(t) ≡ 0 when |t| ≥ 2, and set τj(t) := τ(2
−jt)− τ(21−jt), j ∈ N, τ0 :=
τ. From (3.29), (3.30), (3.31) and (3.32) we can find
Π
(0)
≤λ,m((e
iθ1 , · · · , eiθd) ◦ x, y)
= Π
(0)
≤λ,m((y˚, θ), y)
=
eimθ˚
2π
∫ π
−π
∫ ∞
0
eim
(
(θ−y2n+1+Φ(y˚,y˚))t−θ
)
χ1(y˚, θ)a−((y˚, θ), y, t)χ0(y)dtdθ
=
eimθ˚
2π
∫ π
−π
∫ ∞
0
eim
(
(θ−y2n+1)t−θ
)
χ1(y˚, θ)a−((y˚, θ), y, t)χ0(y)dtdθ
=
eimθ˚
2π
∫ π
−π
∫ ∞
0
eim
(
(θ−y2n+1)t−θ
)
τ0(t)χ1(y˚, θ)a−((y˚, θ), y, t)χ0(y)dtdθ
+
∞
∑
j=1
eimθ˚
2π
∫ π
−π
∫ ∞
0
eim
(
(θ−y2n+1)t−θ
)
τj(t)χ1(y˚, θ)a−((y˚, θ), y, t)χ0(y)dtdθ
=: I9 + I10.
Since θ− y2n+1 6= 0, we can apply integration by parts with respect to t to show that I10 = O(m
−∞);
moreover, since χ1 has compact support in θ, we can also apply integration by parts with respect
to θ to show that the boundary term appeared in partial integration with respect to t in I9 is also
O(m−∞). So when (eiθ1 , · · · , eiθd ) ◦ x and y are in the same S1-orbit, Π
(0)
≤λ,m((e
iθ1 , · · · , eiθd) ◦ x, y) =
O(m−∞). And if (eiθ1 , · · · , eiθd) ◦ x and y are not in the same S1-orbit, this proposition follows from
Proposition 3.10. 
Again, from (3.43), for simplicity, we assume
(3.45) (eiθ1 , · · · , eiθd) ◦ x ∈ Dp for all (θ1, · · · , θd) ∈ T
d and x ∈ Dp.
from now on. From (3.43), we can write
(3.46) Π
(0)
≤λ,m((e
iθ1 , · · · , eiθd ) ◦ x, y) =
1
(2π)d
∫
Td
eimΨ(x,y,θ1,···θd)A(x′, y,m)dθ1 · · · dθd
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where the phase function is
Ψ(x, y, θ1, · · · θd) := x
′
2n+1 − y2n+1 + Φ(x˚
′,w)−
d
∑
j=1
pjθj,
and the symbol
B(x, y, θ1, · · · , θd,m) := A(x
′, y,m).
We shall also notice that when (θ1, · · · , θd) 6= 0, there must be x˚
′ 6= x˚, otherwise we will have
1 ◦ (eiθ1 , · · · , eiθd ) ◦ x = eiθ0 ◦ (1, · · · , 1) ◦ x
where θ0 := x′2n+1− x2n+1 mod (−π,π), contradicting Assumption 1.2. Thus,
ImΨ(x, y, θ1, · · · , θd) = ImΦ(x˚
′, y) > 0 for (θ1, · · · , θd) 6= 0.
We hence consider a cut-off function χ(θ1, · · · , θd) ∈ C
∞
0 (R
d) such that χ = 1 near (θ1, · · · , θd) =
(0, · · · , 0). Write
1
(2π)d
∫
Td
eimΨ(x,y,θ1,···θd)A(x′, y,m)dθ1 · · · dθd = I9 + I10
where we cut the integrand of I11 by χ(θ1, · · · , θd) and the one for I12 by 1− χ(θ1, · · · , θd). Note
that in the integrand of I12 we have ImΨ > 0, so I12 = O(m
−∞) by the elementary inequality that
for any m,N ∈ N, mNe−m ≤ CN for some constant CN > 0. As for the I11, we shall apply the
Melin–Sjo¨strand stationary phase formula Proposition 2.3 to establish the asymptotic expansion
for torus equivariant Szego˝ kernel.
We now fix a point p ∈ Y and a small enough BRT patch Dp containing p. We claim that the
point (x, y, θ1, · · · , θd) = (p, p, 0, · · · , 0) satisfies the requirement in the Proposition 2.3. To see this,
first note that in real coordinates (x, y) = (x˚, x2n+1, y˚, y2n+1) we have
∂Ψ
∂θj
= −
∂x′2n+1
∂θj
+
∂Φ(x˚′, y˚)
∂x˚′
∂x˚′
∂θj
− pj.
Under the local expression of the phase function [21, Theorem 3.4] in terms of canonical coordi-
nates, we have relations
(3.47) φ−(x, y) = x2n+1 − y2n+1 + Φ(x˚, y˚) and dxφ−(x, y)|x=y = −ω0(x).
We can hence get
(3.48) − ω0(p) =
(
∂φ−(x′, y)
∂x′
dx′
)∣∣∣∣ x=y=p
θ=0
=
(
−dx2n+1 +
∂Φ(x˚′ , y˚)
∂x˚′
dx˚
)
(p, p, 0)
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and for j = 1, · · · , d,
Tj(p) :=
∂
∂θj
(
(1, · · · , eiθj , · · · , 1) ◦ x
)∣∣∣∣ x=p
θj=0
=
∂
∂θj
(
(eiθ1 , · · · , eiθj , · · · , eiθd) ◦ x
)∣∣∣∣ x=p
θ1=···=θd=0
=
∂x′
∂θj
∂
∂x
∣∣∣∣ x=p
θ1=···=θd=0
=
(
∂x′2n+1
∂θj
∂
∂x2n+1
+
∂x˚′
∂θj
∂
∂x˚
)
(p, 0).
(3.49)
By the definition of Y and (3.48) and (3.49), we know that for each j = 1, · · · , d,
pj = 〈−ω0(p), Tj(p)〉 =
(
−
∂x′2n+1
∂θj
+
∂Φ(x˚′, y˚)
∂x˚′
∂x˚′
∂θj
)
(p, p, 0).
Thus
∂Ψ
∂θj
(p, p, 0) = 0 for all j = 1, · · · , d.
Now, for j, k = 1, · · · , d, we need to show that(
∂2Ψ
∂θj∂θk
)d
j,k=1
=
(
−
∂2x′2n+1
∂θj∂θk
+
∂2Φ
∂x˚′2
∂x˚′
∂θj
∂x˚′
∂θk
+
∂Φ
∂x˚′
∂2 x˚′
∂θj∂θk
)d
j,k=1
,
where ∂
2Φ
∂x˚′2
∂x˚′
∂θj
∂x˚′
∂θk
:= ∑2na,b=1
∂2Φ
∂x′a∂x
′
b
∂x′a
∂θj
∂x′b
∂θk
and ∂Φ∂x˚′
∂2 x˚′
∂θj∂θk
:= ∑2nc=1
∂Φ
∂x′c
∂2x′c
∂θj∂θk
, j, k = 1, · · · , d, is a non-
singular matrix at (x, y, θ1, · · · , θd) = (p, p, 0, · · · , 0). Under BRT coordinates, see Theorem 2.2,
write (z,w) = (z1, · · · , zn,w1, · · · ,wn), where zj := x2j1 + ix2j and wj := y2j−1 + y2j. In [21, Theo-
rem 3.6], it suggests that the term Φ(x˚, y˚) in the phase function is in the form of
(3.50) Φ(x˚, y˚) = i(φ(z) + φ(w))− 2i ∑
|α|+|β|≤N
∂α+βφ
∂zα∂zβ
(0)
zα
α!
wβ
β!
+O(|(z,w)|N+1),
for every N ∈ N, where the function φ is given by φ(z) = ∑nj=1 λj|zj|
2+O(|z|3) and λ1, · · · ,λn > 0
are the eigenvalues of the Levi form Lp at the point p. Hence, at (x, y, θ1, · · · , θd) = (p, p, 0, · · · , 0),
we have
∂Φ
∂x˚′
(p, p, 0) = 0.
Observe an easy fact from linear algebra: if A and B are real symmetric matrix, and B is positive
definite, then C := A + iB is non singular. (Consider the orthogonal decomposition B = PtP,
and Q := P−1, then QtCQ = QtAQ + iId. Suppose detC = 0, then −i is an eigenvalues of A,
contradicting the fact that all the eigenvalues of A are real). So it remains to show that
Im
(
∂2Φ
∂x˚′2
∂x˚′
∂θj
∂x˚′
∂θk
)
(p, p, 0) is positive definite.
Since Φ(x˚, y˚) has leading term ∑nj=1 λj|zj −wj|
2 where λj > 0, j = 1, · · · , d, we know that
Im
∂2Φ
∂x˚′2
(p, p, 0) is positive definite.
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To examine whether the submatrix
Im
(
∂2Φ
∂x˚′2
∂x˚′
∂θj
∂x˚′
∂θk
)
(p, p, 0)
is positive definite, it sufficies to take any 0 6= u ∈ Md×1(R) and D :=

∂x′1
∂θ1
· · ·
∂x′1
∂θd
...
...
∂x′2n
∂θ1
· · ·
∂x′2n
∂θd
 (p, 0) and
check that
utIm
(
∂2Φ
∂x˚′2
∂x˚′
∂θj
∂x˚′
∂θk
)
(p, p, 0)u =
(
(Du)tIm
∂2Φ
∂x˚′2
(Du)
)
(p, p, 0) > 0
which is equivalent to examine whetherD is of full rank. And this is in fact guaranteed by assump-
tion that the torus action is free near Y and the assumption that p ∈ Y is a regular level set. One
way to see this is to take the map σx : TeT
d → TxX by
∂
∂θj
7→ Tj =
∂
∂θj
∣∣∣
θj=0
(1, · · · , eiθj , · · · , 1) ◦ x.
For the torus action is free, i.e. {g ∈ Td : g ◦ x = x, x near Y} = {e}, the map σx is injective. So the
column vectors
[T1, · · · , Tj](p) =

∂x′1
∂θ1
· · ·
∂x′1
∂θd
...
...
∂x′2n
∂θ1
· · ·
∂x′2n
∂θd
∂x′2n+1
∂θ1
· · ·
∂x′2n+1
∂θd
 (p, 0)
has rank d. Also, since p is in a regular level set, we know that
[d(T1yω0), · · · , d(Tdyω0)](p) =

∂〈ω0,T1〉x
∂x1
· · · ∂〈ω0,Td〉x∂x1
...
...
∂〈ω0,T1〉x
∂x2n
· · · ∂〈ω0,Td〉x∂x2n
∂〈ω0,T1〉x
∂x2n+1
· · · ∂〈ω0,Td〉x∂x2n+1
 (p)
is of rank d. Since the one form ω0 is torus invariant, we know that LTjω0 = 0 for all j = 1, · · · , d.
So the Cartan formula LTjω0 = Tjydω0 + d(Tjyω0) suggests that the one forms Tjydω0(p) 6= 0 for
all j = 1, · · · , d, otherwise for all j = 1, · · · , d, d(Tjyω0)(p) = 0, leading to a contradiction. We also
note that T0ydω0 ≡ 0. One way to see this is that under BRT coordinates Theorem 2.2 T0 =
∂
∂x2n+1
and dω0 is independent of x2n+1. Write
Tj(p) =
2n+1
∑
k=1
∂x′k
∂θj
(p, 0)
∂
∂xk
,
and if we suppose that
B :=

∂x′1
∂θ1
· · ·
∂x′1
∂θd
...
...
∂x′2n
∂θ1
· · ·
∂x′2n
∂θd
 (p, 0)
has rank less than d, we can find numbers (α1, · · · , αd) ∈ R˙
d such that ∑dj=1 αk
∂x′k
∂θj
(p, 0) = 0 for
all k = 1 · · · , 2n and ∑dj=1 αj
∂x′2n+1
∂θj
(p, 0) 6= 0 (recall [T1, · · · , Td](p) has rank d). However, this
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means that T0(p) =
∑
d
j=1 αjTj(p)
∑
d
j=1 αj
∂x′
2n+1
∂θj
(p,0)
, which leads to a contradiction (T0ydω0) (p) = 0. So the matrix
D :=

∂x′1
∂θ1
· · ·
∂x′1
∂θd
...
...
∂x′2n
∂θ1
· · ·
∂x′2n
∂θd
 (p, 0) has full rank d, and we conclude that
det
(
∂2Ψ
∂θj∂θk
)d
j,k=1
(p, p, 0) 6= 0.
The above discussion implies that the point (x, y, θ1, · · · , θd) = (p, p, 0, · · · , 0) satisfies the assump-
tion in Proposition 2.3, where p ∈ Y is fixed.
Let θ˜1(x, y), · · · , θ˜d(x, y) be the solution of the equations
∂Ψ˜
∂θ˜j
(
x, y, θ˜1(x, y), · · · , θ˜d(x, y)
)
= 0, j = 1, · · · , d,
in a neighborhood of (x, y) = (p, p) ∈ C2n with θ˜j(x, y) = 0 at (x, y) = (p, p) for all j = 1, · · · , d,
where Ψ˜ ia an almost analytic extension of Ψ in the variable θj’s and θ˜j’s are allowed to be complex
near (0, · · · , 0) ∈ Cd. Accordingly, by complex stationary phase formula Proposition 2.4 and the
basic properties of almost analytic extension, up to an element in O(m−∞), the torus equivariant
Szego˝ kernel Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) is
(2π)−deimΨ˜(x,y,θ˜1(x,y),··· ,θ˜d(x,y))
(
det
mΨ˜′′
θ˜ θ˜
(x, y, θ˜1(x, y), · · · , θ˜d(x, y))
2πi
)− 12
χ˜
(
θ˜1(x, y), · · · , θ˜d(x, y)
)
A˜(x˜′(θ˜1(x, y), · · · , θ˜d(x, y)), y,m).
(3.51)
We let
b(x, y,m) :=
χ˜
(
θ˜1(x, y), · · · , θ˜d(x, y)
)
A˜(x˜′(θ˜1(x, y), · · · , θ˜d(x, y)), y,m)(
det
mΨ˜′′
θ˜θ˜
(x,y,θ˜1(x,y),··· ,θ˜d(x,y))
2πi
) 1
2
6= 0,
and we can check that b(x, y,m) ∈ S
n− d2
loc (1;Dp × Dp). Moreover, for the asymptotic sum
b(x, y,m) ∼
∞
∑
j=0
mn−
d
2−jbj(x, y) in S
n− d2
loc (1;Dp × Dp),
we can find that for p ∈ Y, by construction of almost analytic functions, for some constant C > 0,
(3.52) b0(p, p) =
1
(2π)
d
2
A0(p, p)(
det
Ψ′′θθ(p,p,0,··· ,0)
i
) 1
2
≥ C
|detLp|
2
d
2+1πn+1+
d
2
> 0.
Here, we choose the branch as in Proposition 2.4 such that
(
det
Ψ′′θθ(p,p,0,··· ,0)
i
) 1
2
> 0. To finish the
proof of Theorem 3.3, it establish the followings:
Proposition 3.12. Let f (x, y) := Ψ˜(x, y, θ˜1(x, y), · · · , θ˜d(x, y)), then Im f ≥ 0. Moreover,
f (x, x) = 0, dx f (x, x) = −ω0(x), dy f (x, x) = ω0(x), b0(x, x) > 0 for all x ∈ Y ∩ Dp.
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Proof. First of all, by Proposition 2.3 and 2.4, Im f ≥ 0 holds. Second, for p ∈ Y and a small BRT
patch Dp near p, by the construction of almost analytic extension and (3.50), we can find
(3.53) f (p, p) = Ψ˜(p, p, 0) = Φ(0, 0) = 0.
By continuity, we may assume that | f (x, y)| < 12 on Dp × Dp by taking Dp small enough. Also, for
k = 1, · · · , 2n+ 1,
∂ f
∂xk
(p, p) =
∂Ψ˜
∂xk
(p, p, 0) +
d
∑
l=1
∂Ψ˜
∂θ˜l
(p, p, 0)
∂θ˜
∂xk
(p, p, 0) =
∂Φ
∂xk
(0, 0) =
0 : k = 1, · · · , 2n.1 : k = 2n+ 1.
and similarly
∂ f
∂yk
(p, p) =
0 : k = 1, · · · , 2n.−1 : k = 2n+ 1.
We can check that on Dp, ω0(x) = −dx2n+1 + i ∑
n
j=1
(
∂φ
∂zj
dzj −
∂φ
∂dzj
dzj
)
, and hence
(3.54) dx f (p, p) = −ω0(p), dy f (p, p) = ω0(p).
Second, for all x ∈ Y ∩ Dp, we now prove
f (x, x) = 0 and dx f (x, x) = −ω0(x), dy f (x, x) = ω0(x).
For p ∈ Y and a small BRT patch Dp near p, if we take any other q ∈ Y ∩ Dp and another small
BRT patch Dq near q, by the discussion in this section, we can write
Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) ≡ eim f (x,y)b(x, y,m) mod O(m−∞) on Dp × Dp,
where f (p, p) = 0, d f (p, p) = 0, | f (x, y)| < 12 on Dp × Dp,
b(x, y,m) ∼
∞
∑
j=0
mn−
d
2−jbj(x, y) in S
n− d2
loc (1;Dp × Dp), bj(x, y) ∈ C
∞(Dp × Dp), b0(p, p) > 0
and
Π
(0)
≤λ,m,mp1,··· ,mpd
(x, y) ≡ eim f1(x,y)b1(x, y,m) mod O(m
−∞) on Dq × Dq,
where f1(q, q) = 0, d f1(q, q) = 0, | f1(x, y)| <
1
2 on Dq × Dq,
b1(x, y,m) ∼
∞
∑
j=0
mn−
d
2−j(b1)j(x, y) in S
n− d2
loc (1;Dq×Dq), (b1)j(x, y) ∈ C
∞(Dq×Dq), (b1)0(q, q) > 0.
By consinuity, we may assume that |b0(x, y)| > 0 on Dp × Dp. We arrange
(3.55) eim f (x,y)b(x, y,m) = eim f1(x,y)b1(x, y,m) + R(x, y,m), R(x, y,m) = O(m
−∞).
into
(3.56) eim( f− f1)(x,y)b(x, y,m) = b1(x, y,m) + e
−im f1(x,y)R(x, y,m),
and after evaluating at the point (x, y) = (q, q), we get
eim( f− f1)(q,q)b(q, q,m) = b1(q, q,m).
Since
lim
m→∞
e−mIm f (q,q) = lim
m→∞
|b1(q, q,m)|
|b(q, q,m)|
=
|(b1)0(q, q)|
|b0(q, q)|
,
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which is a non-zero finite number, we can conclude that Im f (q, q) = 0. Moreover, notice that
lim
m→∞
eim f (q,q) = lim
m→∞
b1(q, q,m)
b(q, q,m)
=
(b1)0(q, q)
b0(q, q)
,
i.e. the limit exists. However, the limit
lim
m→∞
eim f (q,q) = lim
m→∞
eimRe f (q,q) = lim
m→∞
(cos(mRe f (q, q)) + i sin(mRe f (q, q)))
does not exists if |Re f (q, q)| < 12 , Re f (q, q) 6= 0. Hence, we conclude that
(3.57) f (x, x) = 0, for all x ∈ Y ∩ Dp.
Next, take derivative in both sides of (3.55) with respect to xj, j = 1, · · · , 2n + 1, and evaulate at
(x, y) = (q, q), then we have
im
∂
∂xj
( f − f1)(q, q)b(q, q,m) +
∂
∂xj
b(q, q,m) =
∂
∂xj
b1(q, q,m) + R˚(x, y,m),
where R˚(x, y,m) := ∂∂xjR(q, q,m) − im
∂
∂xj
f1(q, q)R(q, q,m) = O(m
−∞). Therefore, for some con-
stant C > 0,
∣∣∣∣ ∂∂xj ( f − f1)(q, q)
∣∣∣∣ = limm→∞
∣∣∣( ∂∂xj (b1 − b) + R˚) (q, q,m)∣∣∣
m|b(q, q,m)|
≤ lim
m→∞
Cmn−
d
2
|b0(q, q)|mn−
d
2+1
= 0
Hence, for all q ∈ Y ∩ Dp,
(3.58)
∂
∂xj
( f − f1) (q, q) = 0, j = 1, · · · , 2n+ 1,
Similarly, for all q ∈ Y ∩ Dp,
(3.59)
∂
∂yj
( f − f1) (q, q) = 0, j = 1, · · · , 2n+ 1.
Combine (3.54), (3.58) and (3.59), we establish
(3.60) dx f (x, x) = −ω0(x), dy f (x, x) = ω0(x) for all x ∈ Y ∩ Dp.
In the last, from (3.55), by evaluating at the point (x, y) = (q, q), we can find
b(q, q,m) = b1(q, q,m) + R(q, q,m),
where R(q, q,m) = O(m−∞). Accordingly,
1 = lim
m→∞
b(q, q,m)
b1(q, q,m)
=
b0(q, q)
(b1)0(q, q)
.
Thus, we can conclude that b0(q, q) = b1(q, q) > 0, and since this holds for all q ∈ Y ∩ Dp, we
complete the proof of this proposition. 
Combine all the discussion in this section, the proof of Theorem 3.2 is completed.
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